Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 





MR. WE ALE'S 

NEW SBKIBS 

RUDIMENTARY WORKS FOR BE8IHHER8. 

BUDIMBHTABT OhBHISTBT, by P/6f. FOWNBS, F.R.S., 

&c., Univ. Ooll.^ Lond. *. yol. i. It. 

■■ Natvbal PhQiObopht, by Chablbs 

ToMLnrsoN, Aathor of "The Student's Manual 

of Natural Philosophy." — ii. 1*. 

GsoLOOTi by Lieut.-GoL Pobtlock^ 

P.R.S., &c., R.E ^ III. U 

MiinBBAiiOOTj by D. Yablbt^ Au- 
thor of "Conversations on Mineralogy/' Part I... . — , IT. Is. 

Ditto, by the same. Part II — v. Is. 

Mbchabiob, by Chas. Tomlinson... — vi. 1#. 

Elboibioitt, by Sir Wm. Show Hab- 

Bis, F.B.S., &c — vn. 1*. 

Pnevmatiob, by Chas. Tomunsoh... — viii. Is. 

Civil EHOiinEBBiva,byHEHBTLAw, 

C.E. Parti — IX. Is. 

Ditto, Part II., by the same — x. 1*. 

Abchitbotubb, (Orders— their appli- 
cation to the Public Buildings of London,) by 

W. H. Lbbds, Esq., Part I — xi. Is. 

Ditto, (Styles — their several exam- 
ples in England,) Part II., by Talbot Bubt, Arch. 

andF.LB.A — xii. 1*. 

PBBSPEonyB, by Gao. Ptkb, Artist, 

Author of "Practical Bules in Drawing for the 
Operative Builder and Toung Student in Arcl^ 

ture," Parts I. II 

Ditto, Parts III. IV 




i 



RUDIMENTARY MECHANICS; 



BEIKQ 



A CONCISE EXPOSITION 



OF THE 



GENERAL PRINCIPLES OP MECHANICAL SCIENCE, 



AND THEIfi APPLICATIONS. 






'^»— 



BY 

CHARLES TOMLINSO"^"^ 






LONDON : 

JOHN WEALE, 

ARCHITECTURAL LIBRARY, 69, HIGH HOLBORN. 

H DCCC XLIX. 



LONDON : 
R. CLAY, PaiMTBB, BREAD STREET HILL. 



PREFACE. 



No department of science has probably receivecj 
more attention from scientific writers than Mechanics. 
There are numerous treatises on this subject in all the 
languages of the civilized world5 adapted, apparently, 
to suit the intellectual and pecuniary means of all 
classes, and including the costly quarto and bulky 
octavo for the advanced mathematical student, as well 
as the sixpenny catechism for the use of children. 
Between these two extremes, books on the subject are 
innumerable. In adding one more to the number, the 
writer does not feel any apology to be necessary, 
because, in the first place, he is not aware that any 
other treatise, with the same quantity of matter, and 
with so many engravings, is to be had at so low a 
price ; and, secondly, if he has approached his subject 
with a proper appreciation of the principles upon 
which mechanical science is based, he can scarcely 
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fail to convey to the diligent and attentive reader some 
idea of their grandeur, breadth, and generality. 

In every scientific work where principles are fairly 
laid out, the reader can supply facts and illustrations 
for himself; and he may take it as the test of his 
progress, if, while thinking of the principle, facts rise 
spontaneously in his mind to illustrate it ; or if, while 
examining facts, he clearly perceive the operation of 
the governing principle. 



C. T. 



Bedford Place, AmptJiUl Sqxuire, 
Fefyrmry, 1849. 
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Part I- STATICS. 



I. — ON STATICAL FORCES OR PRESSURES. 

1/A BODT is said to be in equilibrium when the forces 
which act upon it mutually counterbalance each other, or 
when they are counterbalanced by some passive force or re- 
sistance. Thus a body suspended from the end of a thread 
is in equilibrium, because the attraction of gravitation, which 
would cause it to fall, is counterbalanced by the resistance 
of the thread, and. by that of the point of suspension. A 
body may be in equilibrium without any apparent resistance. 
Thus a fish may be in equilibrium in the water, a balloon in 
the air ; but in such cases the weight which would cause the 
fish to sink, or the balloon to fall, is exactly counterbalanced 
by other forces which will be considered hereafter. We 
may, however, regard aU bodies which appear to us to be 
at rest, as being actually in a state of equilibrium, or equally 
balanced between or among forces which destroy each other. 
2. The conditions of equilibrium are determined by the 
science of Statics,* as regards solids ; and by Ilyirostatics,^ 
as regards fluids. The laws which determine the motions of 
solids, form the science of Dynamics ;% while the laws of 
fluids in motion belong to Hydrodynamics, These four 
divisions form the science of Mechanics § in its widest 
sense ; that is, the science of forces, producing either rest or 
motion, 

* From ararhs, standing still. f From tZoap, water, and ararhs, 

X From HvaiuSf force. § From mx^* ^ machine* 

JffcA«iifc«. B 



2 FORCES, HOW REPBESEKTED. 

3. Forces that are balanced, so as to produce resty are 
called statical forces or pressureSy to distinguish them from 
moving, deflecting, accelerating, or r«farrftw^ forces.; %,e, such 
as are producing motion, or a change in the direction or 
Telocity of motion. This distinction being wholly artificial, 
and made to facilitate studj, must not mislead the student 
into the idea that these are different kinds of forces ; for the 
same force maj act in any of these modes ; it maj sometimes 
be a statical, and sometimes an accelerating force; but as 
the consideration of forces when balanced, is much more 
simple than that of motions, it is conyenient to separate the 
former, and to confine our attention in the first instance to 
them, or rather to regard all forces in a statical point of view. 

4. Statical forces or pressures can, of course (like other 
quantities or magnitudes), be compared only with each other, 
but the ratio between any two quantities may be represented 
by the ratio between two other quantities, however different 
in kind from the first two : thus, two pressures may have 
the same ratio as two lines, or two surfaces, or two bulks, 
or two times, or two numbers ; and these last are found the 
most convenient class of magnitudes by which to represent 
the ratios of all others. Now, when we represent magnitudes 
of any kind by numbers, we in fact compare them with 
some fixed or standard magnitude of the same kind, which 
we represent by the number 1 : thus, the units commonly 
used for comparing lengths, are inches, feet, miles, &c. ; and 
so also the units oi pressure are ounces, pounds, tons, &c.* 

* In strictness, however, these terms do not properiy express units of 
pressure, but of mass (or quantity of matter); and they are used as 
standards of pressure simply because the earth's attraction on a given 
quantity of matter is always the same aZ the same place, and differs but 
slightly in different places. But we must not forget that the same mass, 
in a different situation (as regards latitude, or level), would gravitate 
with a rather greater or less pressure. (See Introduction to the Study of 
Natural Philosophy, p. 67.) We must not therefore confound mass 
with weight, because the same names are applied to the units of both ; 
for, in fact, the units of pressure are quite distinct from, though founded 



£QUAL AND OPPOSITE FORCES. 3 

5. Forces may also (like any other magnitudes) be repre- 
sented by lines of definite lengths. A unit of length being 
taken to represent the unit of pressure, the length of the line 
represents the magnitude of the force ; but the line has this 
great advantage over a number, — its direction represents the 
direction of the force ; and its commencement or extremity, 
the point at which the force acts, or its point of application : 
thus, by a line, the force is completely defined in all its three 
elements ; while a number can only represent one of them, 
viz. its Tnagnittide, 

Agreeing therefore to represent a force by a number or a 
line, a double force would be represented by a double num- 
ber, or a line of double length, and so on. In this way 
forces can be brought under the domain of mathematical 
science, geometry serving to investigate their various rela- 
tions by means of lines, arithmetic by means of numbers, 
and algebra and trigonometry by the properties common to 
directions and magnitudes of all kinds. 

6. If two forces be in equilibrium at a point, they must 
be equal in magnitude, and opposite in direction. Two 
equal forces acting together, in the same direction, produce 
a double force ; three equal forces, a triple force, and so on. 
But whatever number of forces may act upon a point, and 
whatever their directions, they can only impart one single 
motion in one certain direction. We may, therefore, incor- 

on, those of mass ; just as the latter are derived from those of length, 
and all from that of time; the connexion being as follows : — 

1. A pound pressure means, that amonut of pressure which is exerted 
towards the earth, in the latitude of London and at the level of the sea, 
by the quantity of matter called a pound. 

2. A pound of matter means a quantity equal to that quantity of 
pure water which, at the temperature of 62 deg. Fahrenheit, would 
occupy 27*727 cubic inches. 

8. A cubic inch is that cube whose side taken 39*1393 times would 
measure the effective length of a London seconds pendulum. 

4. A seconds pendulum, is that which, by the unassisted and un- 
opposed effect of its own gravity, would make 86,400 vibrations in an 
artificial solar day, or 86163'09 in a natural sidereal day. 

B 2 



4 THE BEBULTANT OF FOBCES. 

porate all these single forces into one force, or resultant^ 
capable of producing the same mechanical effect as the forces 
themselves, which are called the components. It is evident 
that if to a system of forces a new force be added equal to 
tl^ie resultant, and acting in a contrary direction, equilibrium 
would be maintained. 

If, for example, a boat be moving by the force of the cur-» 
rent, by the force of the wind, and by the oars, we may 
imagine a single force, such as a strong rope, to be attached 
to the boat, and drawn in such a direction, and with such a 
force, as the three forces together would produce. The cur- 
rent, the wind, and the oars ceasing to act, this rope would 
supply their place, and constitute their resultant. Now it is 
evident that to this resultant we may oppose another force ; 
a rope, for example, acting or resisting with the same power, 
and in an opposite direction. The boat would in such case 
be as completely at rest as if it were at anchor. It could 
neither go forwards, nor backwards, nor move to either side, 
until some new force should act upon it, or some change 
should take place in the existing forces. 

When any number of forces act at a point in the same 
straight line, and in the same direction, the resultant is 
equal to their sum ; if the forces act in opposite directions, 
the resultant is equal to their difference. For example, let 
a point be pressed upwards with a force of 7 pounds, and 
downwards with a force of 4 pounds, the resultant is an 
upward pressure of 3 pounds. Let it receive pressures from 
the easty of 3 pounds, 6 pounds, and 10 pounds ; and from 
the west^ of 2 and 3 pounds. The resultant is, of course, a 
westward pressure of 3 + 6 + 10 — 2 — 3 = 14 lbs. If 
the forces in opposite directions be denoted by the opposite 
signs + and — , then the resultant is in all cases their alge- 
braical sum ; so that, having taken the arithmetical sum of 
the forces acting in one direction, and also of those acting 
in the contrary direction, the difference of these sums is the 
resultant force, and it acts in the direction of the forces 
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which form the larger sum. When the resultant = 0, the 
forces balance each other. 

Hence we may add equal and opposite forces at any point, 
without affecting a system of statical forces. This is called 
the superposition of equilibrium. So also we may remove 
from any point in a system those forces which are equal and 
opposite, without disturbing equilibrium thereby. 

7. When two forces act upon a point in different direc* 
tions, the resultant is found more easily by the geometrical 
method. It is obvious, in the first place, that the line repre- 
senting the resultant must lie in the same plane which con- 
tains the directions of the two forces ; for if not, on which 
side of the plane should it lie ? There is evidently nothing to 
determine it to one side more than the other. For the same 
reason, when the forces are equalj the resultant must bisect 
the angle between their directions, for it cannot be nearer 
one than the other.* Moreover, in all cases, whether equal 
or not, we naturally expect that the nearer they coincide in 
direction, the greater will be the resultant, and vice versA ; 
and as their exact coincidence makes it equal their surrif 
while their exact opposition makes it equal their differ- 
ence^ we conclude that in all intermediate positions it will 
be less than their sum, and greater than their difference. 
But it is doubtful whether elementary mathematics will carry 
us further than this without the aid of experiment,'}' which 
teaches us the following beautiful law. 

Let the point p (fig. 1) be acted on by two forces, press- 
ing in the directions p A and p b. From the point p, upon 

* This kind of proof, by what is called the principle of sufficient 
reasont is of very extensive use in Mechanics. 

f The first experiments for this purpose were made by Galileo, in 
some boats, at Venice, about the year 1592. This was the first step in 
inductive (or natural) science, or the first direct question put to nature, 
at least since the time of Archimedes. But although this point waa 
first determined by experiment, it must be classed among abstract or 
necessary truths, being deducible from the simple principle above men- 
tioned. The proof is too long to be given here. 
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the line p a, measure off jmj length p a ; and from the 
point p, upon the line p b, take a length p b bearing the same 
ratio to p a that the force b bears to the force A. The easiest 
way to do this is to make the lines p a, p &, contain respec- 
tively, as many units of length (inches or feet, for example). 

Fig. 1. as the forces A b contain 

units of force (ounces or 
pounds, for example). 
Through a draw a line 
parallel to p b, and 
through b draw a line 
parallel to p a, and sup- 
pose these lines to meet 
at c. We thus get a pa- 
rallelogram, ^acb; and 
the line pc, called its 
diagonal, will represent 
a single force acting in the direction p o, and consisting of as 
many units of force as the line p c contains units of length; 
and this force will produce upon the point p the same efiect 
as the two forces p a and p b produce acting together. 

This method of finding an equivalent, or the resultant of 
two forces, is called, the parallelogram of forces, and is 
thus concisely expressed : — " If two forces be represented, in 
magnitude and direction, by the sides of a parallelogram, an 
equivalent force will be represented, in magnitude and direc- 
tion, by its diagonal." The two forces arc called, the com- 
ponenU of the resultant. 

8. Any number of forces, acting at one point, can be com- 
pounded by the same rule. For instance, let the body «, 
{^^, 2,) be pressed at once by the three forces whose direc- 
tions are expressed by the arrows a b c, and their magnitudes 
by the lengths xa, xb, xc. We may first compound any 
two of them (such as a and b), by completing the paral- 
lelogram xadbyhj which we find that the direction of their 
resultant is xd, and that its magnitude is to their magnitudes 
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as the length a; £? is to the lengths xa^ xh. We may then 
compound this resultant Fig. 2. 

with the remaining force r: ^ 

flpc, by completing the \/k -j--^~-\-->a 

parallelogram xdec, the \ \ / / ,/ \ \ 

diagonal of which, viz. c\,^...y^*::r \^ \ 

xe, will represent both j^ ^^^ ^« 

the magnitude and direc- \^C 

tion of the general re- ^ 

sultant of all three forces ; so that a force of the magnitude 

expressed by this length xe, and acting in the direction ex, 

would balance those three forces. Of course the resultant 

of any greater number of pressures might have been found 

in the same way, by combining two at a time* 

In this problem it matters not whether the directions of 
the forces lie all in the same plane or in different planes. In 
the latter case, the three lines xa, xh, xCy would form the 
three edges that meet at one solid angle of a paralklopiped / 
and by completing this solid figure (as shown by the outer 
dotted lines of fig. 2), its diagonal x e will represent the re-* 
sultant Hence, whether we regard the lines of this figure 
as they really lie fiat on the paper, or as the projection or 
picture of a solid parallelopiped, the law is equally true. 
The same process is of course capable of being extended to 
any number of forces in difierent planes. 

9. .The problem of the composition offorceSy which is thus 
solved with so much ease by construction, (or drawing on 
paper,) often becomes extremely complex in calculation, 
especially when in dynamics the element of time is added^ 
and the forces are of constantly varying magnitude. In fact, 
it would scarcely be possible to arrive at some of the simplest 
results of its application to every branch of physics, if re- 
course were not constantly had to the inverse problem of the 
resolution of forces. It is constantly necessary to consider a 
force (however simple its origin) as capable of being resolved 
into two or three distinct forces, having different directions ^ 
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for it ia evident that we may substitute for any given force* 
any number of other forces, having any given directions (not 
opposite to each other) ; for we may make the line xe the 
diagonal of any number of parallelograms, or paratlelopipeda, 
having their sides running in any proposed directions. When 
their directions are decided on, their lengths will be dis- 
coverable ; and thus we shall know both the directions and 
magnitudes of the forces into whioh, for convenience Bake, 
the whole, or resultant force, has been resolved. 

10. Examples of the composition of pressure are of con- 
stant occurrence, as in the exertions of our limbs, the action 
of the various tools and implements which we employ, and 
the external actions in which we participate. It is frequently 
of importance to conuder whether the component forces are 
employed so as to produce the best resultant ; tliat is, one 
_,. acting in «direction most 

available for the object 
intended to be accom- 
plished, and with as small 
an expenditure of force 
as pos^ble. 

Birds have a figure 
symmetrical with respect 
to a vertical plane, ab 
(Fig. 3), which passes 
through the body. TSTien 
they fly, their wings ex- 
ecute symmetrical move- 
ments, and strike the air with equal pressures, llie resistance 
of the airtothepressureof the wings is perpendicular to their 
surface. Hence the direction of the resultant will be found 
by the parallelogram of forces, for which purpose draw ca 
and DA perpendicular to the surfaces of the two wings, 
these lines representing the directions of the forces by which 
the bird presses backward with each wing ; or in other words, 
AC and AD are the directions of the resistances exerted by 
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the air against the two wings ; and neither of these pressures 
does (when the wings are in this position) tend to impel the 
bird straight forward ; but their resultant does so^ for if the 
wings be similarly extended, and act with equal force, the 
lines AC and ad will make equal angles with the line 
AB, passing through the centre of the bird; and two lines, 
representing the intensities of the two pressures, as ae and 
AF, being equal, the diagonal AG will coincide with that 
line, and the motion of the bird will be directly forward. 

A man in swinmiing impels himself in directions perpen- 
dicular to the soles of his feet and the palms of his hands. 
If these forces be equal on either side of his body, the re- 
sultant is a line passing through the centre of his body. 

The motion of a boat rowed by oars is evidently similar 
to the cases already noticed, where the forces are symmetrical 
on either side of a central vertical plane : but when sails are 
acted on by the wind, and the force thereby transmitted to 
the keel is modified by the action of the rudder ; various 
problems arise, which are too complex to be studied here. 
We may, however, take a case, where the sail is supposed to 
be stretched so as to form a plane surface; and, neglecting the 
action of the rudder, as well as that of any tide or current 
in the water, let us consider the force of the wind only. 
Let a b (Fig. 4) be the length or keel of a sailing vessel, 
and let the right line m n represent the projection of a sail, 
supported at o against a mast Let op represent in magni- 
tude and direction the force w, with which the wind acts 
upon the sail. Construct the parallelogram ocpd^ of which 
op is the diagon&l. This force op is evidently decomposable 
into two other forces ; the first, o c in the direction of the 
plane of the canvass, and producing no effect in advancing the 
vessel ; the second, o d, perpendicular to the sail, which is the 
only force which presses on the sail and gives motion to the 
vesseL But o d may also be decomposed into two other 
forces ; the one o e in the direction of the keel or length of 
the vessel, and which tends to advance it in the direction of 

b3 



10 

the arrow ; the other of acting at right angles to the leogtli 
of the Teasel, so as to ui^e it sideways. The form of the 
vessel enables it to offer a great resistance to the latter 
force, and very little to the former, bo that it proceeds with 
considerable velocity in the direction a & of its keel, and 
Fig. 4. 



Viakes very little lee-rvay, as the sideward direction of is 
called.* Thus some idea may be formed of the manner in 
which a wind, which is sometimes within five points (or 
56^°) of being opposed to the course of a vessel, maj, with 
the aid of suls judiciously applied, be made to impel it. 

* If tbU do not seem BatiefBctory, it must b« remembered, tiiat oar 
peaent business ii not with molione, but with preemira, and that ve 
miut consider, not whit proportion the head-ws; beuB to the lee-«^, 
{i-e, what proportion oiials between the velocity of the Teggel in the diiec- 
tion OB and that in the direction of) for slatica has nothing to do vith 
velocitie»; but we must reduce the problem to its statical form, by 
imagining introduced nuch a force or forces m would produce eqnilb 
briam. Now this would (in the pnisent cose) require a greater force 
in tho direction opposed to llie lee-wa;, Uum in that opposed to the 
head-way ; for though the vessel movea faster forward than sidewajs, yet 
ehe preeita more in the latter direction tban the former, in the propor- 
tion that of ejiceedi b s. 
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In the flying of a boy's kite we may study similar effects* 
To counteract (permanently) the force of gravity which 
would bring it to the ground, two other forces at least are 
required — viz. the wind, and the resistance of the string or 
of the point where it is fixed or held. The wind alone would 
keep It suspended, but only for a time— -viz. until the kite had 
either turned its edge to the wind, (so as to be pressed no 
more on the under than on the upper side) or else had become 
vertical, so as to be pressed only horizontally and not upwards. 
If the kite had no tail, the former effect would rapidly ensue, 
and with a tail the latter would be equally certain. It is 
necessary, therefore, that the kite be inclined^ and this is 
effected by the string being attached at such a point as to 
leave more surface (and therefore, a greater pres$;ure of wind) 
below the point of attachment than above it. This excess of 
pressure on the lower half drives it to leeward, but only to 
a certain extent, where it is counterbalanced by the weight 
of the tail ; but the maintenance of the inclined position 
depends on laws which we shall explain further on. It is 
sufficient for the present to observe, that the horizontal force 
of the wind w, (Fig. 5) the intensity of which we will 
represent by the line o Wy must (like every other force that 
impinges obliquely on a surface, as on the sail in the last 
example) be resolved into two portions, one parallel, and the 
other perpendicular to the surface. The former portion o a 
has no effect; the kite is pressed only by the other portion, in 
the direction o &, in which direction it would move, if it 
maintained its inclined position, and were subject to no other 
force than the wind. But we have to consider two other 
forces, the string and gravity. Supposing the string to pull 
in the direction o s, we shall find the intensity of this force 
by resolving the whole effect of the wind on the kite repre- 
sented by by into two portions, o d perpendicular to the 
string, (and therefore not resisted by it,) and o c, which must 
be balanced by an equal and opposite force in the string, 
which will accordingly be represented by as. The action of 
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the string &nd nind alone would therefore be to ui^« the kite 

in the diagonal o (2 <if the paralleli^ramo 6 (£<; but with this 

we must further compound the force of gravity, which (the 

Fig. 6. 



kite being very light,) we will represent by the short line 
og, and this, compounded with o<^ gives the resultant o f, 
in which direction the kite will rise wbea subject to all three 
forces, in the d^rees here supposed. Supposing the wind 
suddenly to cease, we shall find the resultant of the string 
and gravity by compounding o a with og, which gives oe as 
the direction in which the kile would then be pulled j and 
this compounded with the effective portion of the wind's force, 
viz. 6, will give of as before. In this direction, then, the 
kite will, under these circumstances, rise till it has attained 
a position where the three forces ob, o», and o g are in 
equilibrium, t-e. where each is equal and opposite to the re- 
sultant of the other two, in which case we should on our con- 
struction find o r ^ 0, or the point f would coincide witb o.* 

' In order to rai^ tbe 'kite to ita greateat altitude, the most odran- 
togeoue angle fai the kite to form with the horizon ia hV U' ; which 
is the same as the mdder of a ship should make with the keel, in order 
that the vessel ma; be tamed with the greatest facility, suppoeing the 
current to have adirectioa parallel with the keel; and the same that the 
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1 1 . The property of a eystem of statical dr balanced forces, 
that each is exactly equal and oppoeite to the resultant of 
all the reat^ whatever may be their number, leads to a very 
simple and elegant theorem called the Polygon of Forest. 
By this, any number of statical forces are represented in 
direction and magnitude by the sides of a polygon, taken 
in order; and they will, when applied to one point, produce 
equilibrium. 

Id fig, 6, let p ' p' p' p' p' be forces acting on the point a. 

Let the intensity of p' be represented by the length ap'. 
„ p' „ by the parallel line PC. 



Or let the forces be ^. „ 

represented in magni- 
tude and direction by 
the sides of the polygon, 
Ap'cDE taken in order. 
Complete the parallelo- 
gram AP'CP*, AC will 
represent the resultant 
of the forces, p' and P*. 
Compounding this re- 
Bultantwith the force p", 
by means of the paral- 
lelogram ACDp', we see that AD represents their resultant, or 
the resultant of p', p', and p*. Compounding this last resultant 
with the force p*, by the parallelogram A p' e D, we see that 
their resultant is represented by the line A e acting in the 
direction from a to e, which would consequently balance the 
last force p', represented by the lant side Ba of the polygon, 
and acting in the direction from e to a. 

■ails of a windmill, snd tbe vanes of a emoke-jaci or of a screw-pro- 
peller, should make with the plaaeof their rotation. The Tesson caimot 
be shown in this elementar; work. 
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ft is not necessarj th&t the forces should all lie in one 
plane i bnt we may, perhaps, make this theorem clearer by 
attaching a number of pulleys to a Terlical plane, auch as an 
upright board, and carrying over them the lines which 
represent the forces, and attaching w«ghtA to their eztremitiea 
_. y 88 in fig. 7. Then tike 

any part A a on the string 
Am, and &om a on the 
board, draw a line paral- 
lel to the string a n, and 
take a part a b upon that 
parallel, such that A a is 
to a 6, as u is to n. Agun, 
through b draw a parallel 
to the string a o, and on 
that parallel take a part 
b c such that a & ts to be 
as M is to o. In like 
manner, draw cd parallel 
to A p, and such that 
bc:ctI::o:F; and draw 
d e parallel with a q, and bearing the same relation to the other 
lines that Q bears to the other weights. Finally, join the 
points e and a by a right line. A single force b, acting in 
the direction of the line e a, and having the same ratio to 
each of the other forces as the line ex has to the side 
of the polygon, which ia parallel to that other force, will pro- 
duce a pressure on the fixed point a equivalent and opposite 
to the combined actions of the forces u x o f Q. This may be 
proved by attaching any weights at random to the various 
strings, and (when they have settled in equilibrium) making 
the construction above described, beginning with any side of 
the polygon, and making all its sides, except one, parallel 
with their respeotive strings, and with lengths proportional 
to their respective weights. The remaining side will then be 
found to lie always in a straight line with the remaining 
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string, and to have the exact length proportioned to the 
remaining weight 

12. Parallel Forces, — ^It is evident that forces may be made 
to act side by side with quite as much effect as in the same 
straight line. Two horses drawing a cart may of course be 
placed side by side, or one before the other, and the effect 
will be the dame. Hence, the resultant of two parallel forces, 
acting in the same direction, is equal to their sum ; it has the 
same direction with them, and when they are eqtialy is applied 
at a point midway between their points of application. All 
this is obvious from the principle of suf&cient reason ; but 
when they are unequal^ their resultant, though still parallel 
with them and equal to their sum, does not act midway 
between them, as we shall presently see. And when they 
are equal, but act in contrary directions, they have no simple 
resultant, for they tend to produce rotation^ and this tendency 
cannot be counterbalanced by any single force. But let us 
here confine our attention to the simple case of such parallel 
forces as are equal, and have the same direction. 

' Tlie resultant of a number of parallel forces (as of those 
which are not parallel) is obtained by first finding the 
resultant of the first two, and compounding this with the 
third, and so on. It is obvious, then, that the point ofappli^ 
cation of this resultant will depend solely on the points of 
dj)plication of the components, and will not be affected by 
any change in their directions or intensities, so long as they 
retain their parallelism and equality to each other. 

II. THE CENTRE OP GRAVITY. 

13. The forces with which the particles of a body at the 
earth's surface tend to descend, or in other words, their 
weights or gravitating forces, may be considered parallel to 
<5ne another, since they converge towards a point, the earth's 
centre, whose distance is infinite compared with the size of 
the body. Now all these equal and parallel forces, infinite 
in number as they are in a body of almost any size, may be 
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replaced by a single force applied to a certain p<unt; and this 
point of application is called the centre of gravity of a body, 
or the centre of parallel and equal forces. It ia a charac- 
teristic property of the centre of gravity that it is a fixed 
point in the interior of solids, and does not change, whatever 
position thesebodies may be placed in with respect to gravity. 
Thus the point 6 (Fig. 8) is the centre of gravity of the body 
ABC, whether the point c be upwards or downwards, or in 
any other position ; for, as we have already seen, the point of 
Fie. 8. 



application of the resultant of parallel forces is independent 
of the direction of these forces. 

14. In order that a heavy and perfectly rigid body* be in 
equilibrium, there is only one condition to be fulfilled, namely, 
that its centre of gravity be supported. Consequently, 
if the centre of gravity be fixed, we may turn the body 

* That IB, a bod; snppoud to be totall; tncap&bla of an; chaDg« of 
form. In mechanica it la conatuiUj ueceuny to abstraet or omit the 
canaideiation of certain pntpertiet of bodies, in order to reduce a pro- 
blem to its umplesl form ; for these oompUcating oircumBtauccB can 
always be added afterwanls, one by one, though it would be impoMiblo 
to encounter them all at the outaeL Hence it ie neceesary at first to 
asenme ■ perfection not found in soj nataral body ; and m in geometry 
we mnet consider lines vitbout breadth, and surface without thickness ; 
BO in mechanics we must sssame imaginary «oUds, fluids, and airs, which 
are not the eolids, fluids, or wrs of nature. The solids must be per- 
fectlj inelaatic, or else perfectly elastic, the lasers without fleiibility, 
cords without rigidity, liquids without compressibility or Tiacosity, and 
airs must base their danuty and elasticity always proportional. 
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about in all directions and it will always be at rest in what- 
ever powtion it may be placed, because it will always be in 
equilibriom. When a body b supported at a fixed point, 
which is not the centre of gravity, equilibrium can be main- 
tained only wbes the centre of graritj is in the rertical of the 
fixed point, either above or below. This consideration affords 
an experimental means of finding the centre of gravity in a 
body. Suppose we want to fix a handle to a sextant a (Fig. 9) 
in the best position for holding it steadily. This position will be 
at its centre of gravity. It is suspended as at A, by means 
of a thread from some point of its surface, as c; and when at 
rest, we mark as accurately as possible the point in, or the 
point at which the thread would come out if it had proceeded 



in its straight course through the body. From what has 
been said, it is evident that the centre of gravity must be 
situated somewhere in this line c to. The centre ts exactly 
found by suspending the body from some other point, as at 
B, and marking the vertical continuation of the thread, as at 
n. The centre of gravity is also in this line, d n, and munt 
therefore be at the point where the lines e m and d n cross 
each other. 

With heavy bodies the experiment is made by turning 
them on their sides, or placing them upon narrow supports j 
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but for bodies whose forms are regular, and the substance 
homogeneous, or of uniform density throughout, the centre 
of gravity is determined by certain geometrical rules. Thus, 
the centre of gravity of a cylinder is evidently the middle 
of its axis; and whenever a body possesses a centre of figure^ 
i. 0. a point so situated that every plane which can be con- 
ceived to pass through it must bisect the body, this point is 
the centre of gravity (supposing the body of uniform density). 
Moreover, whenever a body has an axu of figure, that is, a 
IvM every plane passing through which bisects the body, 
then the centre of gravity must be somewhere in that line. 
Consequently, when the body has more than one such axis, 
the centre must be found at their intersection. In other, 
cases, however, and especially when the body is not homo- 
geneous, the deduction of the centre of gravity becomes too 
complex to be useful, considering how easily it can always 
be found by experiment.* 

The centre of gravity is not necessarily in the hodyy but 
may be in some adjoining space. This is obviously the case 
with a ring^ an empty hoXj and, in general, any hollow 
vessel. 

In theoretical mechanics, the principle already noticed, 
of ahstractiony or considering certain properties of matter 
apart from others, has often to be carried so far as to assume 
bulk without weight, or weight without bulk. Hence an 
imaginary heavy line^ or lieavy surfacey may have its centre 
of gravity found ; and if the line or surface be curved^ it is 
obvious that this centre must in general lie out of the line 
or surface itself* 

♦ The following rules may, however, be usefuL Every pyramid or 
eone has its centre of gravity at { of its height, from the haw,— every 
paraboloid at \ of its height,— every hemisphere or hemMpheroid at f , 
•r-a hemcylinder at -4244 of its radius from its aziB. To find the dis- 
tance of the centre of gravity of any segment of a disc or eyiinder, 
from the axis, divide the cube of the chord by twelve times the area 
of the segment. To find the same in a sector^ multiply twice th<) chord 
by the radius and divide by three times the arc. 
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15. Centrobarj/c theorem. TheseoentreBofgraTity of lines 
or surfaces (which can be found approximate!}' hj experi- 
menta on thin wires or plates) afford an easy meaoB of solving 
certain useful problems in mensuration, the solution of which 
deductively (or by pure mathematics) would be extremely 
difficult, if not impossible. For instance, any eolid qfrevolu- 
tiott, however cotoplex or irregular its outline, may have 
both its solidity and its superficial contents found by the 
following very Bimple methods. Let a (Fig. 10) be th« 
■olid, and a 6 c its half section, or that plane figure wMch, in 



revolviog round the line a c as an axis, would require a 
space equal and similar to the solid'~«r, as it is commonly 
expressed, would generate the solid. Cut out this figure 
(in some thin substance of, uniform thicknera) and by sus- 
pending it as above described (Fig. 9) find its centre of gravity, 
which we will suppose to be g. Now the volume of this solid 
is eqnal to the product of the area abc X into the circum- 
ference described by the point g (which circumference vrill 
of course be found by applying the well-known multiplier, 
3'14159 &c to twice the distance of g from the axis, or 
twice d g). Again, to find the eur/nce of the solid or of any 
portion of it, as formed by the revolution of the whole or 
any portion of the curve a be, bend a wire into the form of 
that portion required. X^et this wire be e/, and suppose that 
(by suspension) we find its centre of gravity to be at j/*! 



20 EQriLIBRICH, STABLE, 

Then the sur&ce generated hj the Tevolution of ef^ its 
length X the path described by its centre of grarity, which 
path is found, of course, b; mnltiplTing its radius ^ A by 
twice 3-14159, &c. 

Among other useful properties of the centre of gravity, 
we may observe that the force expended in erecting a building 
(or liftiug all its materials from the ground to their places) is 
the same as would be required to lift them all to the height 
of the centre of gravity of the building. 

16. It has been said that the only condition of equilibrium 
in a solid body is, that its centre of gravity be supported. 
There are, however, various ways in which this condition is 
fulfilled, according as the body is suspended from fixed points, 
or placed upon supports. If the hand of a clock moved 
freely upon its axis on a 
^f*^^'- vertical dial, abcd (Fig. 

II), in order that its centre 
of gravity be supported, it 
must be in a vertical plane 
passingthrough the axis; and 
this can only take place when 
G, (he centre of gravity, ia 
below or above the axis, as 
at g' and o, which gives two 
poailioDS of equilibrium; one 
of which, when the hand is 
below the a^s, is called 
ttdbie equilibrium, because, in drawing the hand aside and 
letting it fall, it will oscillate a few times, and then settle in 
this position, o'. On the other hand, when a is above the 
axis, the equilibrium is aaid to be uTtttable, because, on 
moving the hand a«de, it would not return to its previous 
position. Between these two poutions, equilibrium is im- 
possible i and although in the case of a clock the band is 
retuned in all positions by its friction agtdnst the axis, yet 
there is a constant tendency in the hand to drag the axis 
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into a position of stable equilibrium, and the more so in pro-* 
portion as the centre of gravity is removed from the 
verticaL Thus, with a heavy clock hand, in which the 
centre of gravity is far removed from the axis, the clock 
would gain from 12 to 6 a.m. and lose from 6 a.m. to 12, 
were it not for the counterweight usually attached in large 
clocks, as shown at^l 

17* A body placed upon a horizontal surface, touching 
it only at one point, may assume various positions of equi-* 
librium, some of which are stable, and some unstable ; and 
there are other positions which are said to be indifferent^ 
because when the body is disturbed therefrom it does not 
tend either to regain its former position, or to increase the 
disturbance, but simply remains in the new position. If 
from the centre of gravity of a body, rays are produced to 
every part of its surface, the greater number of these rays 
are oblique to such surface ; but there are always some 
which are perpendicular, or normal thereto, whatever be the 
external form of the body : there is, in general, a maximum 
ray among them, and a minimum ray, both normal to the 
surface. There are also other rays which are maximum or 
minimum among the surrounding rays, and which are 
essentially normal. It is evident, then, that if the body 
touch the horizontal plane by the extremity of one of these 
normal rays, the centre of gravity is in the vertical of the 
point of contact, and there is equilibrium. If, on the con- 
trary, the body touch the plane at the extremity of an 
oblique ray, the centre of gravity is not sustained, since it 
is no longer in the vertical of the point of contact. 

18. If the ray of the point of contact be normal but not 
maximum nor minimum, but simply equal to the neighbour- 
ing rays, the equilibrium is indifferent. Such is the case 
when a sphere is placed on a horizontal plane ; it is in equi* 
librium in every position, and consequently in indifferent 
equilibrium, for the centre of gravity can fall no lower than 
it is. Now, if a portion of the upper part be removed (as 
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by making a hole there), the equilibrium becomes stable, 
because the centre of gravity is brought below the centre of 
figure, there being in such case more matter below the centre of 
figure than above it. Now, in this case it is easy to see that 
the ray from the centre of gravity to the point opposite the 
hole is a minimum ray ; but let the hole be filled up, by 
inserting a small cylinder long enough to project beyond the 
surface ; it is now plain that, the centre of gravity being 
nearer this prelection than the opposite pointy a ray drawn 
to the latter will be a maximum ray, so that the balance 
thereon will be imitable, because any motion sideways tenda 
Pig. 12. 



to lower the centre of gravity, and enable it to fall still 
lower ; whereas when a body rests on a minimum ray, 
any rocking must raite the centre of gravity, so that it will 
fall bach to its previous position. If the normal ray of the 
point of contact is only the minimum among several other 
neighbouring rays, equilibrium is stable only as far as these 
rays extend ; and lastly, if the ray is in one direction equal 
to adjacent rays, whilst it is in other directions a minimum, 
equilibrium is indifierent in the one direction, and stable in 
the other directions. This is the case with an ^g placed 
on its side. 

An egg on one end ia resting on a maximum ray, and 
therefore in unstable equilibrium, so that it cannot in 
general remain thus poised for a moment. There are two 
modes, however, hy which this feat is sometimes accom- 
plished, both of which will afibrd good illustrations of the 
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above principlea. If we neglect the difference between the 
two ends, and regard the egg as having a cenb% of figure 
(14), this would also be its centre of gravity if it were of 
uniform density. Although the yolk is denser than 
the white, yet if they be concentric, as in fig. 13 a, the 
centre of gravity will still be at their couunou centre Q, and 
the ray a will plainly be longer than b b, &C., rendering the 
equilibrium unstable in every direction. But if the egg be 
shaken, so as to break the membrane that encloses the yolk, 
and allow that fluid to sink to the lower end, as tn fig. 13 b, 
the centre of gravity is lowered, and may in some cases be 

Pig. 18. 



below q', the centre of curvature of the surface at the point 
of contact ; in which case the ray e^ will become a minimum 
with regard to h' b', &c., and the equilibrium will be stable. 
This is more likely to happen, the shorter or m<»:e spherical 
the egg ; but it is also more probable at the miaU end than 
at the large, because the latter contains a cavity full of air, 
which must throw the centre of gravity towards the small 
end. The other method (commonly ascribed to Columbns) 
consists in scraping off a little of the shell, so as to flatten a 
small extent of surface (fig. 13 c), when (the centre of 
gravity remaining at a") the ray a" becomes a minimum 
among all those drawn to this small surface, (all those 
between 6" and b" for instance,) so that if the e^ be not 
disturbed beyond this extent it will stand. 
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19. When a body is supported on a plane by two points, 
the vertical, let fall from the centre of gravity, ought to fall 
upon the line which connects these two points. Thus, in 
two-wheeled carriages, the vertical of the centre of gravity 
ought to fall between the wheels, and upon the line which 
unites their point of contact with the ground. K it fall 
either in advance or in the rear, the carriage is too much 
loaded in front or behind. When carriages go down hiU, 
they are liable to upset if the centre of gravity fall out of 
the line of contact of the wheels ; which is less likely to 
happen with large wheels and a heavy load. 

20. When a body rests upon a base more or less extended, 
equilibrium obtains only when the vertical of the centre of 
gravity falls within the area of the base. It matters little 
whether this base be continuous or not ; the base of a square 
table, supported on four legs, is formed by the square of 
which the four legs form the four comers. In proportion as 
the base is extensive, the centre of gravity may be disturbed 
without deranging the support of the body. 

21. A variety of toys, and feats of posturing, &c. depend 
upon the dexterity with which the vertical of the centre of 
gravity is supported on a very narrow base. In some ; toys 
the base is fixed, but exceedingly narrow ; and on this base 
are placed the hind legs of the figure of a prancing horse, 
and the figure rocks backwards and forwards in an appa*- 
rently impossible position, by means of a leaden weight 
attached to the further end of a bent wire, proceeding from 
the lower part of the figure, the effect of whicli is to throw 
the centre of gravity below the centre of motion ; in which 
case equilibrium is always stable, because every disturbance 
must raise the centre of gravity above its natural (or lowest) 
position, to which it will therefore return, as is the case 
with a pendulum, or any hanging body. In balancing rods 
on the hand, chin, &c. the base is in constant motion, and 
the art is to keep this base under the centre of gravity. The 
tight-rope dancer has the double disadvantage of a narrow 
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knd also a moveable base. He is greatly assisted by holding 
in bis hands a heavy pole, the effect of which is to remove 
the centre of gravity from his body into the centre of the 
pole ; or rather, the centre of gravity of the dancer and of 
the pole taken together is situated near the centre of the 
pole, so that, as has been well observed, the dancer may be 
isaid to hold in his hands the point on the position of which 
the facility of his feats depends. Without the aid of the 
. pole, the centre of gravity would be within the trunk of the 
body ; and those performers who dispense with the pole 
may astonish more, but their motions are far less graceful, 
because they are unable to modify the position of the centre 
of gravity with ease and rapidity. 

ni. PARALLEL FORCES — MOMENTS OP FORCE— THE PRIN- 
CIPLE OP VIRTUAL VELOCITIES. 

22. We have seen that when the centre of gravity of a 
body is supported there is equilibrium, and that if a rigid 
line or axis be passed through the centre of gravity, as in 
ag. 11, the body will rest indifferently in any position. 

The centre of gravity, then, in any body may be regarded 
as the centre of any set of equal and parallel forces acting in 
the same direction on all the particles of the body ; that is 
to say, it matters not in what direction these parallel forces 
act, provided they act all in the same direction, their resultant 
will always pass through this point 

23. We have seen that the resultant of two parallel and 
equal forces is a parallel line lying midway between them ; but 
we have now to observe that when they are unequal, the re- 
sultant is no longer halfway between them, but so situated 
that its distances from them shall be inversely as their inten- 
sities. The property of the centre of gravity enables us to 
prove this in the following manner. Let A b (fig. 14) repre- 
sent a rigid bar of equal thickness and density throughout its 
length. It may obviously be balanced on a single point at 
its centre c, so that all its weight acts as if it were concen- 

ifechanict, C 
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trated at this one poiat. The same would he true of any 
other such bar ; for instance, if we suppose the bar divided 
into two bars of unequal lengths a d and D B, the former 
might he balanced on its centre k, and the latter on its centre 
F. Hence we see that two parallel and unequal forces (viz. 
the weight of A. D and the weight of d b), acting at the points 
E and F, have not their resultant passing through the centre 
between e and f, but through C, which ia nearer s than f in 
the exact ratio that the force at e exceeds that at f ; for the 



Fig. 11. 




weights of the two 
bars A D and D B are 
as their lengths, and 
it is easily seen that 
E c equals half the 
length of D B, and 
that F c equals half the length of a d ; bo that the distance 
E-c is to the dbtance f c inveriely as Uie weight whose 
centre is at e is to the weight whose centre is at f. To test 
the truth of this conclusion, then, let us suspend from these 
points E and p two additional wdghts, bearing the same 
ratio to each other as the weights of A d and d b, so that the 
ratio of the whole force at e to the whole force at f, may 
remain unchanged ; and we shall find the balance of the 
bar continues undisturbed, though there is manifestly more 
weight on one side the fulcrum C than on the other. 

24. Hence we learn, that when two parallel hat unequal 
forces are supported or balanced by a third, it must be equal 
Fie. JE. to their sum, it must act in the 

contrary direction, and must 
he applied at a point nearer 
the greater force than the less, 
its distances from them being 
inversely as their intensities. 
Thus, in fig. 15, any two 
parallel forces acting at A a', 
and having their intensitiea 
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expressed by the lengths ab and a' b', will be balanced 
by a force whose intensity is expressed by the length 
R p ^ A B 4- a' b', prorided it act at a point f, so situated 
that F a' : p A : : A B : a' b'. And it mattera not what may 
bs the common direction of the three lines representing 
these forces, provided they be all parallel ; so that if a'b' and 
A B move into the positions a' c' and A 0, without any change 
of inteaaity, then b p must be moved into the position b' p, 
and the equilibrium remains undisturbed. 

When a. force, then, applied to any point of an inflexible 
bar, supports two other forces applied in the contrary direc- 
tion to two other points of the bar, the above conditions most 
apply. Thus, in fig. 16, when the three forces at b, a, and 
a are in equilibrium, b : a : : the distance A a : the distance 
BO. In its present Fig. la. 

position, the figure 
may represent a steel- 
yard, B and A the 
weights pulling down 
its two ends, and a 
the upward reaction 

of the point of support j but if we turn the fignre upside 
down, then it may represent a pde by which two porters 
are carrying a load, the weight of which acts at a. b and a 
will then be the upward forces which the porters must exert 
in order to support it ; and it is thus evident that the bur- 
then is not shared equally between tbem, unless its centre 
of gravity be over or under the middle of the pole. In its 
present position, b has to support mora than a, in the pro- 
portion that A a exceeds b a. 

25. When one point of a rigid body is supplied to be im* 
moreably fixed, the efiect of any forces applied to that body 
can only be to turn it rowid the fixed point, as a centre of 
motion ; and when two points are fixed, the motion can only 
be round the line joining them, which thus becomes an axis. 
Now it is plain from what has been said aboTe, that, in thesa 
c 2 
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cases, two forces wMch tend to turn the body in contrary 
directions will be in equilibrium if their intensities are in- 
versely as their distances from the centre or axis. But in 
every inverse proportion, the product oi the first and second 
terms is equal to the product of the third and fourth ; or the 
product of the first and third ss that of the second and 
fourth. Thus, instead of saying that the forces A and b are 
inversely as the distances a a and a b, we may express the 
same thing by saying that the product of the force a X the 
distance a a = the product of the force b x the distance 
a B. That is, if both forces be measured by the same unit 
of pressure, (both in ounces or both in pounds, &c.) and if 
both distances be measured by the same unit of length, (both 
in inches, or both in feet, &c.) then, the number that repre* 
sents each force being multiplied by the number that ex- 
presses its distance from the axis, the product will be the 
same in each case. Thus, if a straight bar be balanced (as 
in fig. 16,) and, at the distance of one foot from its fulcrum, 
or point of support, a weight of 12 pounds be suspended, it 
will be found that this weight will be balanced by a weight 
of 6 pounds, distant 2 feet on the other side of the fulcrum ; 
or by a weight of 4 pounds at the distance of 3 feet ; or by 
A weight of 3 pounds at the distance of 4 feet. Now by 
multiplying these weights by the number of units (feet) re* 
presenting the distances from the centre, we get in each case 
12 ; thus 6 pounds at 2 feet =12 pounds placed at 1 foot, 
or 6x2 = 12 xl. In like manner, 4 pounds at 3 feet, or 
4 X 3 == 12 ; and 3 pounds at 4 feet, or 3 x 4 = 12. 

These products are called the moments of the force, and it 
is important to observe that any two forces applied to a body 
supported on an axis, and tending to turn it rounds will be 
in equilibrium when the moments of the two forces are the 
'same. In like manner, if the moment be doubled or halved, 
or increased or decreased in any proportion, the efficacy of 
the force in turning the body round the axle is doubled or 
halved, or increased or decreased, in exactly the same pro- 
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portion. For example, if the weight of 12 pounds in the 
last example, situated at 1 foot from the axis, be brought 6 
inches nearer that axis, its moment is reduced one half, and 
to produce equilibrium, the moment of the weight of 6 
pounds on the other side of the axis must be halved also^ 
either by bringing it to one foot from the axis, or by re- 
ducing its weight to thi^ee pounds ; or if the counterbalancing 
weight be at 3 feet, it will be 2 pounds ; or if at 4 feet, it 
will now be 1| ; and it wiU be found that each of these 
weights multiplied into the distance will equal 6, as the 
weight on the other side (12 pounds) x its distance {\ a 
foot) = 6. 

26^ It may be evident also from what has been said, that 
by increasing the number of forces on each side of the axis^ 
the body will be in equilibrium, provided the sum of the mo- 
ments on one side of the axis equal the sum of the moments 
on the other side of the axis. For instance, suppose that on 
one side of the axis we have three weights a b c ; A. of 2 
i)ounds, at the distance of 2 inches ; b of 3 pounds, at the 
distance of 3 inches ; and o of 3 pounds, at the distance of 
5 inches. The moment of A is 2 x 2 = 4 
The moment of b is 3 X 3 =5 9 
The moment of c is 3 X 5 = 15 



Then the sum of the moments on' 1 _ 00 
one side of the axis • • . "^ 



■}= 



Now, suppose that on the other side of the axis we have 
two weights : d, of 4 pounds, at the distance of 4 inches ; and 
B, of 2 pounds, at the distance of 6 inches. Then 

the moment of d is 4 X 4 = 16 
and the moment of £ is 2 x 6 = 12 



and the sum of the moments 

the other side of the axis 



nts onT __ 
:is, .J "" 



Hence, if several forces tend to turn a body round its 
axis, they will be in equilibrium if the sum of the moments 
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of those forces which tend to turn it round in one direction, 
be equal to the sum of the moments of the forces which tend 
to turn it round in the other direction, 

27. As the principle which we are now illustrating is the 
most important in the whole range of mechanical science, and 
may indeed be considered as the basis of mechanical science, 
it is desirable to illustrate it by another method. If two 
weights in equilibrium, as in fig. 16, at the extremities A 
and B of a bar supported on an axis a, passing through its 
centre of gravity, be made to oscillate gently through a small 
space, it is evident that the spaces moved through by the 
two ends of the bar will be directly as their distances from 
the axis ; for, the angles a a m and Ban being equal, the 
arcs Am and nn, are as their radii a a and aB. For in* 
stance, if the weight b be 12 pounds, suspended at 3 inches 
from a, its moment may be expressed by the number 36 ; 
and it will be balanced by a weight of 6 pounds, 6 inches 
from 0, because its moment is also 36. Now if these two 
heights be made to oscillate through a small space, such as 
B m, for the weight which descends, and a », for the weight 
which ascends, the latter space will be only half the former^ 
because it bears the same ratio to a b (or 3 inches) that a m 
bears to a a (or 6 inches). 

Hence, if b n be one inch, a m will be two inches, and 
the products of these two quantities with their respective 
weights will be equal to each other ; that is, the effect of 12 
pounds moving through 1 inch, or of 6 pounds moving 
through 2 inches of space, is the same. And though we are 
not now concerned with motions, but with pressures^ the 
same principle applies to them. Any two pressures, how- 
ever unequal, (a pressure of 1 pound and one of 1000 pounds, 
for instance,) wiU balance each other, if they are so applied 
that the motion of the firist through 1000 inches would be 
necessarily accompanied by a motion of the second through 
one inch, and vice versd. Any means by which this connexion 
between the two pressures is effected, is called a machine. 
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IV.— THE MECHANICAL POWERS. 

28. The principle which we have thus illustrated, is known 
under the name of the principle of vlrtiml velocities^ and is 
that which regulates the action and constitutes the efficacy 
of every machine in which power is employed to overcome 
weight or resistance. In the composition of machines it is 
usual to speak of six mechanical powers ;* namely, the lever, 
the wheel and axle, the pulley, the inclined plane, the wedge, 
and the screw; although in reality these contrivances are 
but applications of the principle of virtual velocities, whereby 
a small force acting through a large space, is converted into 
a great force acting through a small space. But in this 
there is no gain of power, neither is there any loss ; the ad- 
vantage is in its application. Every pressure acting with a 
certain velocity, or through a certain space, is convertible 
into greater pressure, acting with a less velocity, or through 
a smaller space ; but the quantity of mechanical force is not 
altered by the transformation, and aU that the mechanical 
powers can accomplish is to effect this transformation. 

29. Before proceeding further with our subject, it may be as 
well to notice that the laws of mechanical science are founded^ 
on the principle, explained at page 16, note, of considering 
the various properties of bodies (as weight, rigidity, elasti- 
city, &c.) ajyart from each other, before attempting to put 
them together as they really exist in natural bodies. Thus, 
in the above reasonings on bars or levers, we confine our 
attention at first to one property — ^viz. their rigidity, neglect- 
ing the effects of flexibility, &c.; because these effects can 
afterwards be separately considered and allowed for. Thus, 
in order to facilitate the study of mechanics, and even to 
render it possible, it is necessary to assume, at first, a per- 
fection which does not exist. The effects of forces, as they 

♦ More properly, mecJianicdl dements, or simple machines, by the 
oombination of which, all other machine are formed. 
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are modified bj macliines of various kinds, could not be 
studied without some provision of this kind ; thus, cords and 
rods, or levers, whiph are machines of the simplest kind, are 
considered as without weight, the cords perfectly flexible, 
and the levers perfectly rigid. In short, bodies must be 
deprived of one or more of their essential properties, or 
mechanical problems would be too complicated for solution ; 
but having obtained a solution on these terms, we are then 
in a condition to modify the result by considering the effects 
of friction, adhesion, weight, elasticity, compressibility, and 
such like elements, which had been omitted in the first solu- 
tion of the problem. 

30. The Lever» — The lever is a bar or rod, supposed to be 
perfectly rigid, and without weight. It may be straight or 
hent^ simple or compound. We shall confine our attention 
chiefly to the simple straight lever, of which there are com- 
monly reckoned three kinds or varieties, depending upon the. 
position of the points of application of the moving power, and 
the resisting power, with respect to a certain fixed point 
called the^forww, about which the lever is supposed to turn 
freely. The portions of the lever situated on each side of 
the fulcrum are called the arms of the lever. 

31. A lever of the first kind is represented in flg. 17 L, in 
which the fulcrum f is situated between the moving power 
p and the resistance or load w. 

Fig. 17 n. is a lever of the second kind, in which the 
mover p, and the resistance w, act on the same side of the 
fulcrum ; the load moved being between the fulcrum and 
the mover. 

In a lever of the third kind, ^g. 17 IIL, the mover and 
the load also act on the same side of the fulcrum, but the 
mover p is between the fulcrum f and the load w. Hence, 
in considering the lever statically, (or when the two forces 
are "balanced,) there is no difference between the second 
and third kind ; for, as we are not supposing any motion 
to be produced,, neither force can be regarded as the mover 
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Or the moTei To produce motion it U necessftry that one 

force shonld previul, and then the lever will become a lever 

of the second or the third kind, according as the force nearer 

to fa further from the „.■ „ 

fulcrum prevaiU. Thus 

fig. XL is a lever of the 

second Mod, and fig. 

III. of the third kind, 

only while the weight 

w, in each case, is 

being /t/Verf; but when 

W is being lowered it 

becomes the mover, 

and p the moved, so 

that fig. n. becomes 

a lever of the third 

kind, and lig. m. one 

of the second kind. 

32. From what has 
been already said (25) 
it is evident that, in 
all these levers, the 
power p will sustain 

the weight w, provided its moment be equal to that of the 
weight. Thus, in the lever of the first or second kinij, if w be' 
12 lbs. at the distance of 3 inches from f, its moment will be 
86, and it will be balanced by p = 6 lbs. at the distance of 
6 inches from f, or by p = 4 lbs. at the distance of 9 inches 
from F, and so on. In a lever of the second kind, if w be 
12 lbs. as before, and be situated at the distance of 3 inches 
from the fulcrum, its moment will be 36 ; consequently, a 
power 'Of 3 lbs. at the distance of 12 inches from the ful* 
cram, or 2 lbs. at the distance of 18 inches, will produce 
equilibrium. 

33, Levers of the first kind are in very common use ; such 
are a crowbar, used for raising stones, and a poker, used for 

C3 
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EuMng tho oobIb in the grate ; the bar of the grate bdng the 
fulcrum* The common crowbar is BometimeB used as a lever of 
the firBt kind, as in fig. 18 ; somedines as & lever of the second 
kind, as in fig. 19. The former is the case whenever we 

Kg. 18. S'is- IB. 



prew domimartU to lift the load, and the latter whenever we 
press upTVardt. Now, in either fignre,. a man at p pressing 
the long arm of the lever/ is able to nuse the weight of the 
stone A or B, provided that wfflght do not exceed his presBnre 
on F, in so great a ratio as the distance p f exceeds yr/i 
If a measure of 50 lbs. at p, lift 300 lbs. at w, then p must 
move more than six times the distance that w rises ; for, if it 
move ont^ six times that distance, the pressures of 50 lbs, 
and SOO Iba, would balance each other. Thus what is gained 
in pressure is lost in distance moved through. If the man 
applied his power halfway between / and p, he need only 
press through half the distance, to produce the same effect 
on the stone, but he must exert tmice the pressure. 

34. We have an instance of the lever of the second kind 
in a chipjnng knife, fixed at one end, which is the fulcrum ; 
the wood to be cut is placed under it, and is the load, or 
resistance to be moved or overcome, and the power is the 
hand of the workman at the extremity of the blade. A 
wheelbarrow is also a lever of this kind, the wheel being 
the fulcrum, the contents of the barrow the weight, ^d the 
man wheeling it the power. In the common form of wheel- 
barrow the load is made to incline as much as possible 
towards the wheel. This, of course, is an advantage, because 
the man bears as much less of the load as its centre of 
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gravitj is nearer tt> the axle of the wheel than to his hands. 
An oar ma; also be regarded as a lever, but to ezplun its 
action full; would lead us far from our present subject.* 

S5. In a lever of the third pj ^^ 

kind, as the fishing-rod, in fig. 
20, if wbe 12 lbs. at a distance 
of 9 feet from the fulcrum /, 
its moment may be expressed 
by 108. To keep this in equi- 
librium by a power nearer to 
the fulcrum than the weight is, 

such as p at the distance of 3 feet, would require a force of 
36 lbs. (because 3 X 36 = iOS), or, in other words, tlie 
power is, in this case, three times the weight or resistance ; 
and, in all levers of the third kind, the power must exceed 
the load ; hence they are never used where a great weight 
is to be lifted, or a great resistance overcome, but only when 
it is required to move a small weight through a greater 
distance than it 'would be convenient to move the hand 
through. From the principle of virtual velocities explained 
above, it will be plain that the adv-antage of this kind of 
lever is, that it commands speed rather than force. 

36. The symmetry and compacUiess of the frames of 
animals depends on the fact that all their limbs are levers of 
the third kind. TheliiUngof our forearm and hand through a 

* Ab there Is no fixed fulcrom, the earnest ws; ie to regard the oar as 
bdng drcnmsUnced like the rigid line a a' in fig. IS, which is acted on 
by three forces, viz. a b the hand of the rover, a' if the resistance of the 
mter against the blade, and a f the reBist&nce of the water against the 
bow of the boot (tnoimitt«d through the boat's tide to p) ; but, as 
this laat is not equal to the Bam of the others, it is overcome by them ; 
aad, as its point of appUeatlon r is not situated in their resultant, the; 
do not balance each other, but a b preTails over a' b', as in a lever of the 
first kind, having its fulcrum at that point between i and a' which 
reiuaiiia stationary during the stroke ; and the same point may also be 
Gonudered as the fulcrum of a lever of the second kind, by which the 
power at a overcomes the resistance at r. 
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considerable space (saj a foot), is effected by the power of a 
nusele applied very near the fulcrum, or elbow, and moving 
through a very much smaller space (say an inch)* Thisi 
muscle must then exert 12 times the force with which the 
hand is moved ; so that when we use a purchase (i.e, a lever 
of the first or second kind), in order to lift a great weight 
through a small space, by the motion of our hand through 
12 times that space, this is simply undoing what has been 
done by the natural leverage of the arm. We might have 
dispensed with the lever, if the muscle had been applied to 
the extremity of our limb, instead of its origin. But what 
a clumsy contrivance would the animal frame have pre* 
sented, if thus rigged with muscles, like a ship ! In fact, 
rigging presents us with an exabt inversion of the muscular 
system of animals. The yards are moved through small 
spaces with great force, by the taking in of much rope 
with comparatively little force. The limbs, on the contrary, 
are moved through great spaces with little force, by the con- 
traction of muscles through very smaU spaces with much 
greater force. 

In raising a ladder by the usual method, it is a lever of 
the second kind while the centre of gravity is between the 
hands that raise it and the end on which it rests ; and when 
the hands pass the centre of gravity it is a lever of the 
third kind. 

37. If the arms of the lever, instead of being straight, are 
curved or bent, their length must be reckoned by perpen- 
diculars drawn from the fulcrum, upon the directions of the 
power and weight ; and when the lever is straight, if the 
power and the weight be not parallel in direction, the same 
rule must be observed. Thus, in fig. 21, we have a bent 
lever of the first kind, and, in ^g, 22, a straight lever of 
the second or third kind, according as the flag or the weight 
preponderates. In either figure the fulcrum is f, and A a 
the direction of the power, and b w the direction of the 
weight. If the lines a a and b w be continued, and perr 
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peudicul&TB F a and f b drawn from the fulcrum to those 
lines, the moment of the power will be found by maltiplTing 
the power hy the line r a, and the moment of the weight 
by multiplying the weight hy rb. If th«ee moments be 
equal, the power will balance the weight. 

rig. 21. Fig. 22. 



38. Many of the most useful implements consist of bent 
d<nd)U levers, or pairt of levers, connected by a joint, which 
forms thdr common fulcrum ; so that they require no external 
fulcmm, or resisting point, for each supplies the necessary 
resistance to the other. Thus scissors, pincers, snufiers, are 
pairs of levers of the first kind ; nutcrackers, of the second 
kind ; imd tongs, of the third kind. In the first, when the 
blades are longer than the handles (as in shears), there is a 
gain of speed uid loss of power ; but when the handles are 
the longer of the two (as in pincers), there is a loss of speed 
and gain of power. In the second this is always the case, 
and in the third, on the contrary, power is always lost, and 
extent of motion gained. 

" In drawing a nail with steel forceps, or nippers, we 
have a good example," says Arnott, "of the advantages of 
using a tool : 1st, the nail is seized by the teeth of steel, 
instead of by the soft fingers ; 2d, instead of the griping 
force of the extreme fingers only, there is the force of tho 
whole hand conveyed through the handles of the nippers ; 
3d, the effective force is rendered perhaps six times more 
efiective by the lever length of the handles ; and 4tfa, by 
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inakiiig the nippers, in drawing the mul, rest on one . 
shoulder, as a fulcrum, it acquires all the advantages of the 
lever, or claw-hammer for the same purpose." 
. 39. When the power is required to be constdeiable, and it 
is not convenient to construct a very long lever, a compound 
lever, or a compontion of levers, is employed. When a 
system of this kind is ia equilibrium, of course the ratio of 
the power to the load will be compounded of the ratiw sub- 
sisting between the anna of each lever ; or, in other words, 
the power multiplied by the continued product of the 
alternate arms oommeiidng from the power, is equal to the 
weight multiplied bj tiie continued product of tbe altaiiate 
arms b^innlng from the v^hl. For example, in tint tcUow- 
ing artang«aent (fig. 2S) we have three levers, two of the 
Fig. 28. second kind, A. r, 

a" f", and one of 
the first kind, a'b'; 
and we will now 
consider the man- 
ner in which the 
power p is trans- 
mitted to the 
wwght w. The 
power p, acting 
apon the lever a f, 
produces a down- 
ward force at b, 
which bears to T 
the same propor- 
tion as A F to B F. 
Thus, if AFbe eight 
times B F, the force at b is eight times the power p. The 
arm a' f' of the second lever is pulled down by a force 
equal to eight times the power at P ; and this will produce 
a force at b', as many times greater than a', as a' f' is greater 
than b' f'. Thus, if a' f' be 10 times b' f', the force at b' or 
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▲" will be 10 times that at a' or b ; but this last was 8 times 
the power, and therefore the force exerted at a" will be SO 
times the power. So, also, it may be shown that the weight 
w is as many times greater than the force at a'', as a" f" is 
greater than b" f". If a" f" be 6 times b" f", the weight w 
will be 6 times the force at a". As we know this to be 80 
times the power p, the weight must be 480 times the power. 

The same result might have been obtained more quickly, 
by dividing the product of a f, a' f', and a" f", by that of 
B F, b' f', and b" f". Thus, if the three former distances were 
16 inches, 20 inches, and IB inches ; and the three latter, 
2 inches, 2 inches, and 3 inches s then (16 x 20 X 18) -h 
(2 X 2 X 3) «• 480. The ratio of 480 : I is said to be 
compounded of the three ratios of 8 : 1, 10 : 1, and 6 : 1. 

The vmghing machine for turnpike roads is formed of a 
composition of levenu It is diiefly used fcnr weighing 
wagons, to ascertain that they are not loaded beyond 
what is allowed by law to the breadth of their wheels. It 
consists of a wooden platform, placed over a pit made in the 
Hne of the road, and level with its surface ; and so arranged 
as to move freely up and down without touching the walls of 
the pit. The levers upon which the platform rests are four ; 
viz. A B c D, fig. 24 ; all converging towards the centre, and 
each moving on a fulcrum, at a b c d, securely fixed in each 
comer of the pit The platform rests by its feet, d c cf , 
upon steel points, ah c d The four levers are supported 
at the point f, under the centre of the platform, by a 
long lever g b resting upon a steel fulcrum at f, while 
its further end o is carried upwards into the tunipike 
house, where it is connected with one arm of a balance, 
while a scale, suspended from the other arm, carries the 
counterpoise or power, the amount of which, of course, indi- 
cates the weight of the wagon on the platform. Now, as the 
four levers a b c d are perfectly equal and similar, the efiect 
of the weight distributed amongst them is the same as if the 
whole weight rested upon any one. In order, therefore, to 
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ascertun the conditions of eqnilibriiun, we need only con- 
sider one of these levers, sach as A f. Suppose, then, the 
distfince from A to f to be 10 times aa great as that from A 
Fig. 2*. 



to o, a force of 1 lb. at p would balance 10 Iba. at a, or on the 
platform. So, also, if the distance from b to o be 10 times 
greater than the distance from the fulcrum b to f, a force of 
1 lb. applied bo as to raise up the end of the lever o, would 
counterpoise a weight of 10 lbs. on f ; therefore, as we gain 
10 times the power by the first levers, and 10 times more by 
the lever £ a, it is evident that a force of 1 lb. tending to 
ruse G, would bahmce 100 lbs. on the platform. If the 
weight of 10 lbs. be placed in the opposite arm of the 
balance to which g is attached, this 10 lbs. will express the 
the value of 1000 lbs. on the platform. When the platform 
is not loaded, the levers are counterpoised by a weight 
applied to the end of the last lever. 

40. The Balance. — One of (he most useful and interesting 
applications of the lever is to the balance, which consists 
essentially of a lever of the first kind suspended at its centre, 
and consequently having the two arms equal. This lever 
is called the beatrt, A b flg. 25 : the fulcrum, or centre of 
motion, on which the beam turns, is in the middle ; and the 
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two eztremitieB of the beam, called the pointt of nupengian, 
serve to sustain the pans or scales : gi» the centre of gravitj 
of the beam ; and this should be situated a little below the 
fulcnim, for if it were to jij jg 

coincide therewith, that is, 
if the centre of motion and 
the centre of gravity were 
situated in the same point, 
the beam, as we have seen, 
(22) would rest indiffe- 
rently in any position. 
I^ on the contrary, the 

centre of gravity were above the centre of motion, the least 
disturbance would cause the beam to upset. 

The points of suspension should be situated so that a 
strught line a b joining them is perpendicular to the line of 
symmetry formed by joining the centre of gravity g with 
the centre of motion m, 

, The direction of the line mg ia shown by a needle or 
index attached to the beam, which in delicate balances 
moves over a graduated arc This needle may proceed 
either upwards or downwards, provided it be in the vertical 
of the centre of gravity. When the needle points to the 
zero line of the arc, wUch is of course also in the vertical of 
the centre of gravity, the beam most be horizontal But by 
means of this index we can also ascertain whether equili- 
brium has been attained without actually waiting until the 
beam comes to rest. While the beam is oscillating, if it 
really be in equilibrium, the needle will describe equal arcs 
on the graduated scale on each side of the zero point ; while, 
if either scale be overloaded, the needle vrill move throngh. 
more degrees on one side of the scale than on the other. 

41. In a perfect balance all the parts must be symmetrical 
with the centre of gravity ; that is, the parts on either side 
of this point are absolutely equal. Such a state of perfec- 
tion, however, cannot be attained in practice ; the two arm» 
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cannot be made perfectly equal; all that the most skilful 
maker can do is to render the inequality very smalL When, 
however, it is necessary to obtain a very exact result, the 
error occasioned by the inequality of the arms of the balance 
can be avoided by the ingenious artifice of double weighing^ 
invented by Borda. To weigh a body, is to determine how 
many times the weight of this body contains another weight, 
of known value, such as ounces, or portions of ounces. 
Place the body, which we will call m, in one scale pan, 
A fig. 25, and produce equilibrium by placing in the other 
scale pan b some shot, or dry sand, or other substance in a 
minute state of division, so that very small portions may be 
added or subtracted, as occasion requires : by this means 
the needle can be brought exactly to zero, thereby indicating' 
the horizontality of the beam. This being done, we remove 
the body m, and substitute for it known weights, such as 
ounces and portions of ounces, until the beam is again hori^ 
zontaL The amount of this weight will express exactly the 
weight of the body m, because these ounces, &c. being placed 
under exactly the same circumstances of equilibrium as the 
body M, produce exactly the same effect. 

By this method, then, it is not only possible, but easy, 
to weigh truly with a false balance. Under ordinary cir- 
cumstances, an error amounting to a fraction of a grain 
would be of no consequence ; but, in weighing for the 
purposes of, chemical analysis, an error amounting to the 
thousandth of a grain might be of importance ; hence, this 
method is commonly adopted in such investigations. 

42. In ordinary scales, one can readily ascertain whether 
the point of support is in the middle of the beam, by changing 
the scide pans when the balance is in equilibrium. If the- 
horizontal position is disturbed by this process the two arms 
are not of the same length. A false balance can also be 
detected by shifting the weights which produce equilibrium : 
this also will destroy the horizontal position 'of the arms, if 
tiiey are sensibly unequal. But this method also furnishes* 
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the means for ascertaining the true weight of the substance. 
Some persons are satisfied with taking the arithmetical 
mean* of the two weights found in this manner, but this is 
quite erroneous, and will always give too high a result. As 
the body is over estimated in one weighing t/i the tame ratio 
that it is under estimated in the other weighing, the true 
weight must plainly be the geometrical meanf between the 
two false estimates. 

43. The stability of a balance is its tendency to return to, 
and oscillate about, the position of rest after being disturbed. 
The position of the centre of gravity below the point of 
support determines the stability of a balance. Stability i^ 
far more easily attained than sensibility^ or the tendency of 
a loaded balance when poised to turn when a very small 
additional weight is placed in either scale. If there were 
no friction, the scale would turn by the addition of the 
smallest weight Friction is diminished as much as possibly 
by placing the beam 

upon the support by ^^^* ^^* 

means of knife edges, 
of hard steel, the 
support being also of 
the same material. 
See fig. 26. 

The stability sad sensibility of a balance are ascertained 
by the following .means« First, as to the stability of one 
balance compared with that of another. A small amount of 
disturbance being given to both, such as one degree, if the 
force with which the first endeavours to recover its position 
be double cmt triple that of the second, the stability of the 
first is double or triple that of the second. To compare 
these forces, the weight of both scales, multiplied into d g^ 

* The arithmetical mean of two quantities a and h, is half their 

snm, or I (a -f- ft). 

t The geometrical mean of two quantities a and h, is the square root 

of their product, or ^-r i< 
"^ ' ab 
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must be added to the weight of the beam, multiplied into 
D c. For example ; suppose that in two balances these 
quantities are as follows : — 

FIB8T BALANCE. SEOOm) BALANCE. 

The arm AD . • 12 inches. 14 inches. 

» C D • , 2 „ 3 „ 

» C Q- • • 1 „ Z fy 

Weight of beam . 30 ounces. 50 ounces. 

Weight of both scales 24 „ 30 ,, 

In such case, the stabilities of the first to the second 
balance will be as 78 to 190 ; because 24 X 2 + 30 x 1 = 
78, and 30 X 3 + 50 X 2 = 190. 

44. The sensibility is ascertained by comparing the angled 
through which very small e(]lual weights incline the balances* 
Thus, if a grain put into a scale pan of each inclines one 
balance 4 degrees, and the other only 2 degrees, the first is 
twice as sensible as the second. To compare the sen- 
sibilities, multiply the length of the arm of each by the 
number which represents the stability of the other in the 
rule given above. Thus, the sensibilities of the preceding 
balances are as 12 x 190 to 14 X 78, or as 2,280 to 1,092. 

The sensibility of a balance is also ascertained by observing 
the smallest additional weight that will turn it, and then 
comparing this addition with the whole load* Thus, if a 
balance have a troy pound in each scale pan, and the hori- 
zontality of the beam varies by a small quantity, only just 
perceptible on the addition of iod^^ of a grain, the balance is 
said to be sensible to nswooth part of its load, with a pound 
in each scale, or that it will determine the wdght of a troy 
pound within sTwSllth part of the whole. Perhaps the most 
sensible balance ever constructed was that employed for 
verifying the national standard bushel, the weight of which, 
together with the 80 lbs. of water it should contain, was 
about 250 lbs. With this weight in each scale, the addition 
of a single grain occasioned an immediate variation in the 
index of one-twentieth of an inch, the radius being 50 inches $ 
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SO that tills balance was sensible to 1750000 th part of the weight 
to be determined. 

The following are the general rules respecting the sen* 
sibility of a balance :— 

1. That, all other things being the same, the sensibility is 
increased by increasing the lengths of its arms. 
' 2. That, all other things being the same, the sensibility is 
increased by diminishing the weight of the beam.* 

3. That the sensibility is increased by diminishing the 
distance between the centres of gravity and motion. 

4. That the sensibility is increased by diminishing the 
distance of the line joining the points of suspension from the 
centre of motion. 

5. That the sensibility is greater when the load is 
smaller. 

45. In addition to the balance with equal arms, there are 
various modifications of the lever of the first kind in common 
use for ascertaining the weights of bodies. Such is the 
instrument used by the ancient Romans, called the Roman 
statera, or steelyard. It consists of a beam of iron, resting 
upon knife edges or a pivot, with one arm longer than the 
other. Supposing the shorter arm, with the attached scale, 
to be sufficiently heavy to balance the longer arm, when the 
instrument is unloaded the beam will of course be horizontal. 
The substance to be weighed w is suspended from a hook 

* It has been already seen that the Bensibilitj of a balance depends 
on the Buspension at the fulcram, or middle of the beam. It will be 
perfect in proportion as friction is diminished between this point and 
the plane which bears it ; for the friction which results from the super- 
position of two bodies is a force which acts in the direction of their 
surfaces, and which is in opposition to other forces tending to detach 
these surfaces from each other. Thus, the friction of the knife edge on 
its support must oppose the turning of the beam round this point. 
This rotation cannot take place without detaching some part of the 
knife edge and its support from each other. The force required to over- 
come their adhesion is, as we have seen, a measure of the sensibility of 
the balance. 
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attached to the shorter ann, and a conetant weight p is made 
to slide apon the longer arm until equilibrium ia established. 
Now we know that in the lever the condition of equilihriiuD 
is, that the weight vr multiplied by its distance from the 
folcrum, is equal to the power or counterpoise p multiplied 
hj its distance from the fulcrum. Now, as the distance of 
the weight from the fulcrum is constant, and as the counter- 
poise is also constant, it is evident that in whatever propor- 
tion w is increased or diminished, the distance between p 
and the fulcrum must be increased or diminished in the 
same proportion ; thus, if w be doubled or trebled, the 
distance of p from the fulcrum must also be doubled or 



Hence the principle upon which this instrument is 

graduated is sufficiently simple. Suppose the instrument is 

first to be graduated for weighing pounds. A pound weight 

Yig.W- is placed in the scale) 

and the counterpoise 

moved towards the 

centre o fig. 27, until 

the beam is hori- 

zontaL A mark is 

then made with a 

file at c. A second 

pound is then placed 

in the scale, and the 

counterpoise moved 

from c, until the beam is again horizontal A second mark 

is then made ; after which, the whole length of the arm 

marked with divisions of the same length as that between the 

first and second divisions obtained experimentally. Of course 

the number of any division from C will express the number 

of pounds which the counterpoise P resting on that division 

will sustain, and this is the weight of the body w. 

The above illustration is intended to show the principle 
of the instrument, rather than to describe that in common 
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me. In an ordin&iy steelyard the centre of graritf is not 
at the fulcrum, so that when the weight p is removed the 
longer arm usually preponderates; hence the graduation 
moat be commenced, not from c, but from some point 
between s and c. These, however, are matters of detail 
which will be found treated of fully ia larger works. The 
great convenience of the steelyard is in its requiring only 
one weight. When the substance to be weighed is heavier 
than the constant wdght, the pressure on the fulcrum is less 
than in the balance, because with the latter equilibrium is 
only produced by a weight equal to that ot the body to be 
weighed; but in the steelyard a lesa weight will suffice. 
For example, to balance 10 lbs. in a pair of common scales, 
we must have a weight of 10 lbs., making tc^etfaer a load of 
20 lbs. ; but in the steelyard a weight of 10 Iba. may be 
balanced by only 1 lb., nuking together a load of only 
1 1 lbs. When, on the contrary, the constant weight exceeds 
the substance to be weighed, the preasare on the fulcrum is, 
of course, greater in the steelyard than in the balance ; hence 
the balance is preferable in determining small weights. 

When the counterpoise p is moved to the extreme end of 
the beam, it represents the greatest weight that the instru- 
ment, as hitherto described, can determine. There are, 
however, two methods by which the same beam can be mode 
to determine heavier weights: 1st, by having another point 
of suspension on the shorter arm nearer to the fulcrum ; or, 
2dly, by using a heavier counterpoise. 

46. The DanUh balance j.j js. 

(fig. 28) differs from the ■= 
steelyard, just described, I 
in having the fulcrum r I 
moveable instead of the I 
counterpoise p, which ia I 
fixed at one extremity, I 
while the body to be — 
weighed w is suspended from a hook at the other extremity. 
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If c be the centre of graTity of the unloaded beam, the 
gradnation must commence from that pointy since when the 
fulcrum loop is there it poises the unloaded beam. B7 sus- 
pending from the hook at w 1, 2, 3, &c pounds in succession, 
the divisions m&y be found to n-hich the fulcrum must be 
removed in order to produce equilibrium. 

47. The bent'lever haUmce is also a convenient form of 
scale, in which the weight is constant. It consists of a bent 

„. .. lever a. b fig. 29, to one end 

of which a weight c is fixed, 
and to the other end A. a hook 
caiTjing a scale pan w, in 
which the sabatance to be 
weighed is placed. This 
lever is moveable about an 
axis B. As the weight in 
w depresses the shorter arm 
B i, its leverage is constantly 
diminished, while that of the 
arm c B is constantly in- 
creased. When c counter- 
poises the weight, the division at which it settles on the 
graduated arc expresses its amount The graduation of the 
instrument of course commences at the point where the 
index settles when there is no load in W. The scale pan 
is then successively loaded with 1, 2, 3, &c. ounces or 
pounds, and the successive positions of the index marked 
on the arc. 

48. Before we conclude this section on the lever, it may be 
as well to notice a common rule for determining the mechanical 
efficacy, or pomer, of a machine. This is said to be greater 
or less according as the ratio of the weight to the power is 
greater or less. Thus, if the weight be 20 times the power, 
the mechanical efficacy is said to be 20 j if 4 times the 
weight is equal to 25 times the power, the mechanical 
efficacy is ", or 6J, 
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Aa the mechanical efficacy of the lever admits of being 
varied at pleasure by varying the distances of the power 
and weight from the fulcrum, so we may imagine a lever with 
a power equal to that of any given machine ; ench a lever 
is called an equivalent lever, with respect to that machine. 
As all simple machines may be represented by nmple equi- 
valent levers, so the most complex machine may be repre- 
sented by a compound system of equivalent levers, whose 
alternate arms, beginning &om the power, bear the same 
proportion to the remaining arms. 

49. The principal nse of the common lever is Cur raising 
weights through sm^ spaces, which is done hy a series of 
short intermitting efforts. After the weight has been raised, 
it must be supported in its new position while the lever is 
i«-a^u8ted to repeat the action. The chief defect, therefore, 
of the conmion lever is want of range and the pieanB of sap- 
plying continuous motion. This defect would be supplied 
if the moving power (which in jj- ^a. 

all levers must describe an arc 
of a circle) could be enabled to 
move round the entire circle, 
and so continue to revolve for 
any length of time, stiU pro- 
ducing always the due propor- 
tion of effect on the reristance 
to be overcome. Now, if the 
latter be acting always in one 
straight line, (if it be a wdght 
to be lifted, fin- instanoe,) there 
are many ways in which the 

action of the lever may be rendered continuous. Its short 
arm maybe repeated several times as the ladii of a circle, and 
each of these radii in succession may catch and lift some part 
of the wrfght^ or of a contrivance connected with it Thus we 
get the machine called tl»e rack and phion (fig. 30), in which 
the centra or axis of motion, e c, forms the fulcrum of a lever 
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whoee longer arm ca is called the winch^ and describes a 
complete circle ; the shorter arm is repeated in the figure 
8 times, forming the 8 leaves or teeth of the pinion^ and 
there is always .one of these employed in lifting by one of 
its teeth the reuik b c to which the load or other resistance 
ia applied. Thus, as soon as one of these short arms of the 
lever has done its work, another is ready to supply its place ; 
and though each lifts the weight only through a very small 
spacer the entire range is limited only by the length of the 
rack. But in lifting the weight through this range, the 
hand at a must describe altogether a space much greater, viz. 
in the proportion that the circumference A b d exceeds the 
height occupied by 8 teeth of the rack. 

50. The flexibility of cor A affords another still easier means 
of increasing the range of the lever^s action to almost any 
extent. By filling up the spaces between the leaves of the 
pinion, in the last example, we may convert it into a cylinder 
or barrel on which if a rope be coiled, and the load sus- 
pended from it, this rope will supply the place of the rack 
B c, and be wound up in the same manner. This constitutes 
the common windlass^ in which the weight hanging on the 
rope will exceed the force applied to the winch (and just 
supporting it,) in the' ratio that the length of the winch 
(measured from its centre pf motion,) exceeds the mean radius 
of a coil of rope, ie. the :;»dius of Uie barrel + half the thick* 
ness of the rope, 

51. Thus the effidenpy of this marine (the windlass) as a 
concentrator of forcci is augmented by diminishing the 
thickness of the barrel, o^ increasing the length of the 
winch; but the former would be too much weakened if 
diminished beyond f^ certain extent, and the latter is useless 
if lengthened beyond the radius of the circle which the 
hand can conveniently describe. Hence arises a necessity 
for multiplying the long arm of the lever and making it into 
several radii, in the same way that the short arm was mul- 
tiplied to form the pinion or the barrel. This repetition of 
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the longer arm constitates the wheely commonly reckoned as 
the second simple machiney although, as we have seen (49), 
only a particular modification of the Jirst^ viz. the leyer* 
The advantage of the wheel over the single spoke or winch, 
is that, however long its radius, it can always be turned con- 
tinuously by a force whose action is confined to a small part 
only of the circumference. This can be effected in either of 
the modes above described in the case of the short arm — ^viz, 
first, by forming projections on the rim of the wheel, to be 
successively acted on by the power in the same way that the 
leaves of the pinion successively act on the resistance ; or, 
secondly, by passing a rope or band round the wheel. 

52. The latter affords an easy mode of exhibiting the pro* 
perties of this most important machine. For this purpose the 
power is usually represented by a small weight suspended 
from a cord which is wound on the circumference of the 
wheel ; and the resistance by a larger weight on a cord that 
is wound in a contrary direction round the axle. 

It will be evident, from an inspection of this machine, that 
its condition of equilibrium is precisely that of the lever ; 
only, in this case, the power is multiplied by the radius cb 
of the wheel, and this will be found equal to the resistance 
multiplied by the radius of the axle. If, for example, the 
power be 1 lb. and the radius of the wheel 22 inches, fmd 
the load 11 lbs. while the radius of the axle is 2 inches, 
there will be equilibrium, because the ifioments are in 
each case the same. (26). 

We may also prove the same thing by the principle of 
virtual velocities (27), for in one revolution of the wheel 
the power descends through a space equal to the circmn- 
ference of the wheel, and the weight is raised through a 
space equal to the circumference of the axle. Hence, the 
moving power, multiplied by the velocity of its motion, is 
not less than the load moved, multiplied by the velocity of 
its motion. 

53. The axle in the wheel is evidently not intermitting in 

P2 
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its action, aa in the case of the common leTer ; bnt the motion 
which the power communicates to the load, (dthough slow, 
is constant. Hence it has been called the eontittual or per- 
p0tual Uver, and its mechanical efficacy depends on the ratio 
of the iiBdios of the wheel to the radius of the axle, or the 
length of the lever hy which the power wM, to the length of 
that by which the load resists. 

64. The power may be applied to the wheel in various ways; 
Toj pins placed at various distances round its circumference, 
aa ia the wheel naed to work the rudder of a ship, in which 
cfSA the hand is used as the power ; in some casee the rim of 
the wheel is dispensed with, and a number of long bars are 
iBserted in the axle, as in the larger kinds of windlass, in 
which the axle is usually horizontaL In the capstan it is 
vertical. In either ease the wheel consists only of diverging 
spokes, rendered portable by a number of holes in tlie axle, 
into which men insert the end« of these spokes or hand- 
spiku. When the axii is horizontal, each hand-aptke ia re- 
nloved fWmi one hole to another, the weight being mean- 
while sustained by the action of a ratchet-mheeL When the 
axis is vertical, a number of men may work at it, pushing 
the bars before theni, and thus there need be no intermission 
of the power. An fn<)nnou4 w^ght may be raised in this 
way. 

Fig. SI. "^^ ratchet or raeiet^mhtel {fig. 

31) jnst referred to, is a simple con- 
trivance for preventing awheel &om 
tufraing except in one direction, A 
catch c plays into the teeth of the ' 
wheel A B, permitting it to revolve 
in the direction of e B, but prevent- 
ing any recoil on the part of the ' 
weight or resistance contrary to the 
direction of the power, - 

55. By increasing the size of the 
wheel in proportion to that of the 
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axle, forces of very different intensities may be balanced*; 
but as the larger force increases in magnitude, the size of 
the wheel is increased to aa inconvenient extent. Hence the 
use of a combination or system of wheels and axles. N0W9 
as the wheel and axle is only a modification of the lever, we 
may expect to find that a system of wheels and axles is only 
a modification of the compound lever already described 
(39). Such is the case^ and the conditions of equili- 
brium are also the same. The power being applied to the 
circumference of the first wheel transmits its effect to the 
circumference of the first axle ; this acts upon the circum* 
ferenc« of the second wheel, which transfers the effect to the 
circumference of the second axle, which, in its turn, acts 
upon the circumference of the third Wheel, and this trans- 
mits its effect to the -circumference of the third axle ; and thus 
the force is transmitted until it arrives at the circumference 
of the last axle, where it encounters the load or resistance* 

S6* There are various methods by which the cii^umferelices 
of the axles are. n^ftde to act upon the Wheels. Sometimes, 
-by the mere friction of their surfaces, the friction being 
increased by cutting the wood so that the grains of the 
opposed surfaces may run in opposite directions ; in other 
cases the surfaces are covered With buff leather ; but the 
most usual method of transmitting power in complex wheel- 
work is by means of teeth or cogs raised on the surfaces of 
the wheels and axles. The word teeth is usually applied to 
the cogs on the surface of the'^wheel, while those on the sur- 
.face of the axle are called leaves^ and the part of the axle 
from which they project is named a pinion^ as already 
noticed (fig. 30). In a train of wheels thus arranged, 
(fig. 32,) the conditions of the equilibrium are the same 
as in a train of levers (fig. 23), that is to say, the power p is 
to the resistance w, as the continued product of the radii 
of the pinions bed Ib to the continued product of the radii 
of the wheels a ef. Thus, if the pinions in ^, 32 were 
j^spectively 1| 2, and 3 inches radius, and the wheela were 
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respectively 8, 9, and 12 inclies radius, then 1 x 2 x 32=6, 
and 8 X 9 X 12 = 864, or, in other words, a power ex- 
pressed hj 6 would counterbalance a weight, or overcome a 
resistance, equal to 864. 

When a system thus constructed is in action, the leaves of 
the pinion must pass in succession between the teeth of the 
wheel ; consequently, the circumferences of the wheels and 
pinions must bear a certain proportion to the numbers of 
teeth and leaves ; and as the circumferences are as the radii, 
the numbers of the teeth or leaves must be proportional to 
the radii. Hence, in assigning the condition of equilibrium, 
the number of teeth and leaves must be substituted for 
the radii of the wheels and axles mentioned above, 
otherwise there might be some doubt as to the real olr 
effective radius of these bodies, viz. to what part of the 
toothed circumference it should be measured. This is known 
by dividing the distance between the centres of the wheel 
and pinion into as many parts as there are teeth in both of 
them together. Thus, if the wheel have 51 and the pinioti 
10 teeth, then,*the space between their centres being divided 
into 61 parts, the tenth division from the pinion's centre (or 
the fifty-first from the wheel's centre) will mark the extent 
of both their effective radii ; and two circles drawn with these 
radii, so as to touch at the said division, are called the pUch" 
linesy which, as will presently be seen, form the basis 
for determining the form and size of the teeth. In wheel- 
work the condition of equilibrium then is, that the power 
multiplied by the product of the numbers of teeth in all the 
wheels, is equal to the load multiplied by the product of the 
numbers of leaves in all the pinions. K, as in fig. 32, some 
of the wheels and axles carry teeth, and others not, then, the 
effective radii of the former being measured from their centre 
to their pitch-line, those of the latter must be measured from 
their centre to the middle of the thickness of the surrounding 
rope or band. 

57. The law of virtual velocities (27) applies also to com- 
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plex vheel'work. The teeth aod leaves being equal, the 
drcumference («.«. the pitch-line) of each wheel moves 
with the same velocity as that of the pinion hj which it is 
driven. Now, as each wheel revolves in the same time witJi 
its axle, the velocities of their circumferences are as tlidr 
efiective radii or numbers of teeth. Hence the veloci^ <^ 
the power, or the velocity of the circumference of the first 
wheel, is to that of the first axle as their radii. But the 
velocity of the drcumference of the first pinion is equal to 
the velocity of the circumference of the second wheel, which 
is to that of the second pinion aa their radii ; and hy calcu- 
lating in this way to the tsai of tile train, it will be found 
that the velocity of the power is to that (^ the load as the 
product of the radii of the wheek to the product of the radii 
of the pinions; or that the power, multiplied by the velodty 
of the power, is not less than the load multiplied by the 
velocity of the load. 

For example, in fig. pf^ 30, 

S2, let the nnmber of 
leaves on the axle b of 
the first wheel a he 
^ times less than the 
number of teeth in the 
circumference of the 
second wheel e, so as 
to torn it only once 
for every six turns of 
the axle h. In like 
manner the second 
wheel e, by turning 
six times, turns the 
third wheel f only 
once ; so that the first 
wheel turns thirty-six 

times for only one turn of the third wheel ; and as the 
diameter of tiie wheel a to which the power is applied is 
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. three times as great as that of the axle .d^. which bears the 

weight w or the resistance, 3 X 36 s= 108. So that 1 : 108 

is the ratio between the yelocities w and p when moving, 

and consequently between their weights or pressures when 

■ in equilibrium. 

^ . ^8. But as neither this, nor any other sjstein of machinery 
. (except that of simple leyers), is oyer used for weighing, but 
.always for communicating motion^ w6 must r^nember that 
^ the conditions of equilibrium only inform us what degree of 
. fqrce applied to one part of the machine will balance a given 
.resistance at another part But before motion can be pro- 
duced,, there must, in addition to tbis^be a redundancy of 
one force over the other, sufficient to overcome the friction 
and other passive resistances, the determination of which, ^ 
.well as of the rate of motion produced, belongs rto dynamics. 
. Kow, as the levers (in figs. 20, 22, 24) become levers of tb^ 
second or third kind, according as th^ slower-^Qving ^r 
quicker-moving force preponderates, ,bo l^e train of wheels 
(fig. 32) serves to concentrate or. diffuse force , according as 
p or w preponderates ; for in one case a weak force, by acting 
through a great spade, is brought to beajr upon a powerfU 
resistance; in the other, a great force moving through a 
small range expends itself in moving weak resistances 
through gi^t spaces. Thus, when a heavy weight hanging 
from A crane descends, it di'ags the winch round with extreme 
rapidity, but with so little force, that the pressure of a child 
may lioi only keep it from tui'ning, but reverse its motion, and 
so i*aise the weight. Itence power is concentrated when the 
pinions tiim the wheels, but drffiised when the wheels turn 
the pinions. Thus the former arrangement is used in a 
crane to gain porder, the latter in a chch or watch to gain 
extent of mottont tn one machine many large turns of the 
handle are neceSsdiy to lift the weight a few inches ; in the 
others, the descent of the weight a few feet, or the recoil of 
the spring through three or four turns, suffices to carry the 
iseconds hand through 10,080 or. 1,440 revolutiozis. 
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59. In machinea where tiiis increaae of motion is. the ot^ect, 
snd where no exact proportion between the motions is neces* 
sary, the s^Blem of teeth or cogs b seldtnn used, but the com- 
munication of motion from a lai^ wheel to a small one ia 
effected in a better as well as cheaper manner by a Hrap or 
edicts band passing over them both. They may thus be at 
any distance apart, and may turn either the same way or 
contrary ways, according as the strap does or does not crogs 
between them j whereas a toothed wheel Mid its pinion must 
always turn in contrary directions. ' The strap may also be 
eonduct«d over pnll^s in any direction. 

60. SiDcewheel-workiBased,likeotker machinery, to trans* 
mit and modify force, it is oitea a matter of nice calcolation 
and contnyance that the precise effect intended shonld be 
accomplished, especially in watch and clock work, where the 
object is to produce uniform motions of rotation, in timea 
which are exact multiples of each other. 

In ordinary wheel-work ib is usual, in any wheel and 
pinion tliat act on each other, to ,uSe nmnben of teeth that 
areprinw to each other,* so that each tooth of the pinion 
may encounter every tooth of the whefel equally often j by 
which means any irregularidea Will tend to diminish by COn> 
Btant wear, instead of mcrearing, as they must do In watches 
and clocks, where the abovti plan is efidently inapplicable. 
In these, as well as all other syfitenu of wheel-work, great 
attention must be pud to the forms p|g, gg, 

of the teeth and leaves, otherwise 
there will be a jolting, grinding ac- 
tion, wliich would end in their mu- 
tual destruction. The teeth should 
be formed in sach a manner that 
those of one wheel press in a direc- 
tion perpendicular to the radius of 
the other wheel ; that is, the pressure 

* Kombera prime to each olhor are snoli as haw »o oominon 
«u«, except 1. 

d3 
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should be tangential to the wheel, as the line a 5, fig. 33, or 
tangential to the pinion, as the line A 9, It is also desirable 
that daring the entire action of one tooth upon another, 
the direction of the pressure should be the same, so as 
to produce a uniform effect, hj acting with the same lever- 
age. The teetii should be so formed that one may roU 
upon die other, and not rub or scrape.* It is also of import- 
ance that as many teeth as possible should be in contact at 
the same timey so as to distribute the pressure amongst them, 
and thus to diminish the pressure upon each tooth. Hence 
pinions of less than 10 or 12 leaves are objectionable ; but 
there is, of course, a limit to the multiplication of teeth, from 
their becoming too thin to withstand the pressure. It is also 
de^il^ble that the same teeth in the wheel i^ould be engaged 
as seldom as possible with the same leaves of the pinion which 
works it I^ for example, the number of teeth in the wheel 
were 60, the number of leaves in the pinion 10^ each leaf of the 
pinion would engage every tenth tooth of the wheel, and 
would always work on the same six teeth with every revolu-^ 
tion of th6 wheel. In clock'work this is, of course, unavoid- 

^ ^he complete attainment, however, of all these conditions at once 
h impoftsible, atd very profound analysis has been found necessary td 
determine what forms of teeth will secore the nearest i^[>pro8eh te thenu 
For some purposes, the epicydwd (or euire described by a point in the 
circumference of a small circle toUing round the rim of the wheel) has 
been proposed ; and for others, the side of each tooth should be an 
evoliUe from the pitch-line, (that is, it should be described by a pencil 
confined by a thread that is Untoound from that line.) When the teeth 
are numerous, this curve will approach to a circular are. In all cases, 
the teeth should project the same distance beyond the pitch-line, that 
their inteHals recede within it ; and the portions of their sides situated 
within this circle are usually made straight and radial. The conditions 
above mentioned are less attainable in pinions than in wheels, and still 
less in proportion as the leaves are fewer. Hence, the best form of 
pinion, where great strength is not required, is that called the trundle 
or lantern pinion, which consists of two disks, connected near their 
circumference by 8 or 10 cylindrical rods, which serve instead of leaves ; 
and if these be made to turn freely on their axes, the rolling motion is 
ensured, together with other advantages. 
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able, but millwrights generally contrive bo that the number 
of teeth is just one more than a number whiA is exactly 
divisiUe by the number of leaves. This odd tooth is called 
the fuintinff-cog. If, for example, the piiuon contain 8 leaves, 
and tlie wheel 65 teeth, it is evident that the wheel must 
revolve 65 times, and the pinion 8 x 6S, or 520 times, before 
the same leaves and teeth vrill be again engaged. 

61. Toothed wheels are usually divided into three daases, 
according to the position of the teeth with respect to the 
axis of the wheel. When tbe teeth are raised upon the edge 
of the wheel, as in fig. 33, they are called tpttr-miueU, or 
tpur-gear, which necessarily turn both in the same plane. 
When raised parallel to the axis, aa in fig. 34, they form a 
cronntekeel, which, by acting on a spur-wheel, turns the 
latter in a plan? at right-angles to itself. When the teeth 
are raised on a surface inclined to the f1^ M. 

))lane of tie wheel, they are called 
(mwUed-wAeeb, which are ct^ble of 
commuaicating motion in jdanes in- 
clined at any angle to each other 
(fig. S5^ Spup-gear is, therefore, 
used for communicating motion round 
one axis to another axis parallel to it. 
See fig. 82, where the three axes arfe 
parallel to each other. Where the 
axes are at right angles to each 
other, a crown - wheel, working in 
a spur>pinioQ, as in fig. 34, may be 
used. The same object may also be ~ 

better accomplished by two bevelled - wheels. But by 
bevelled-wheels, also, a motion round one axis can be com- 
municated to another, inclined to it at any proposed angle. 
See fig. 35. In such a case, the surfaces on which the teeth 
are raised are parts of the surfaces of two cones, and the 
mode in which they act may be conceived by placing two 
cones side by side, asdae, ead'. If one be made to revolve. 
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Pig. 86, i* ■will cans* the other to !»■ 

Ttdve also. If the bases of the 
cones be equal, tbej will rer 
Tolve in equal . timeB i if qA- 
equal. the number of rerolutioiis 
will bear the aame pn^tortitm 
to each other. So also the 
properties which belong to the 
whole omea will belong to any 
corresponding parts of them, 
snchas fr&', etf, dd!, and would 
therefore apply to w)ie^ tbe 
edges of whi^ are parta, b b', 
cff, &«.- of the conical enr&oea. 
It is neceesaiy, however, that 
the Terticeg-t^ both cones should cdncide as at « ; therefore 
the axes of both wheels must be imagined prolonged dll they 
meel^ and this point will be the common vortex of the conea. 
62. The ioachinea which have been hitherto considered are 
f^tiro)tmds, rigid toiijlexible. The former owe muQh of their 
medhanical advantage to their inflexibUity ; for if Hvera were 
capable of bending, it is obvious that the laws which regn* 
late their Action supposing them to be rigid, would no longer 
apply, or at least wo4ld require considerable modification. 
in the cords, hoit'ever, used as in figs. 31, 32, for converting 4 
fltraight lUto a drcular motion, or one circular motion into 
another, as ia the endless band described in 59, perfect flex- 
ibility is aa great a desideratum as perfect rigidity was in the 
former case. Of course it cannot be attuned, but, in, con* 
sidering thetbeoiT, it is, as already stated (29 and 14 note), 
iar more easy to consider that we have atttuned such perfec- 
tion, and afterwards to make allowances for whatever inter* 
feres therewith, than to attempt, in the first instance, to 
solve the problem complicated veith these extra and varying 
quantities. 
A rope or thread, perfectly flexible and inextensible, is 9 
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tnachine wbicb enables us to tranHmit force frotn one pdnt to 
Knottier in llie direction of its length, ae veil as b; a rigid 
bar or rod, but with this difference that the forces which are 
opposed to sach other most aliniTS be diveUent, whereas with 
^ rod tbej may act either from or towards each other. So far 
the rigid body ^peare to present an advantage. But the 
chief advantage of the rope is, that, from its Bezibili^, a 
force acting in one direction may be made to balance an 
equal ftvoe in any other direction, 
.Thns, the w^ght w, &g. 36, acting in 
the direction H W, may, by means of a 
rope passing through a fixed hook or 
ring H, be snstuned by a power P act- 
ing ID the direction ph. Assuming 
the rope to be perfectly flexible and 
smooth, it would suffer no resistance 
either frran rigidity^ or iiiction in 
passing through the ring, and the cord 
would be stretched' everywhere with 
the same force which is equal to that cf the weight w. 
' 63. We see, then, that the alteration in the direction of the 
power, by passing the rope through the ring at p, makes no 
difference in the power ; it merely enables us to alter its 
direction ; this, however, supposes tfab rope to be perfectly 
smooth and flexible, and the ring free from all roughness ; 
1>ut, as it is not possible to fulfil these conditions, the friction 
arising &om the opposite qualities is greatly diminished by 
substituting for the ring a wheel grooved ft the circumfer* 
euce, and turning treelj on an axle passing through it^ 
centre. Sucha wheel is called a puZiey, and we have already 
made nse of it for altering the directions of forces, in the 
experiments illnstrated by figs. 7 and 22. We have now to 
Bhow how, by a difierent arrangement of pulleys, force may 
not only be transmitted, bnt also concentrated in degree, thus 
rendering this machine one of the so-called mechanical powers; 
but though the pulUi/ is commonly called the third of these, 
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yet it must be remembered, that the cord or rope is tb6 
efficient ageot, no mechanical advantage being gained from 
the pulley ; for the theory of the pulley, bb a mechanical 
power, would be jnat as complete if the rope were paased 
through perfectly smooth rings, aa in fig. 36. The nel 
mechanical advantage to be derived from this machine is 
founded on the fact, that the eame flexible cord muet always 
nndei^ the same tenrion in every part of its length. 

64. Fulleya are called fixed at moveable, according as th«r 

frame is fixed or not, for the sheaf or wheel is always move- 

aUe on its axis. In fixed pulleys, such as tfaoee in figs. 7, 22, 

_, „ the power and the load are equal, so 

that there is no mechanical advantage, 

but only a convenience in being able to 

apply the power in any required direc- 

tion. A ringle] moveable pulley, also 

called a runner, la shown at a b, 

fig. 37. 

In this example it is evident that &e 
rope must have the same tensicm every* 
where tbroughout its length, or the 
system would not be in equilibrium ; 
and, further, in order to be in equi- 
librium, tiie tension must be equal to 
the power p ; thus the power p is sup- 
ported by the tension of that part of 
the rope which is between c and P. If 
we call this 1 lb> it will be found that the load w must be 
2 lbs., because this is supported by that part of the eord 
lying between h and b, and also by the part between 
D and A. In fact, these two portions, b h and a d, of the 
cord Bust^n the weight between them. Or we may regard the 
horizontal diameter of the pulley a b as a lever of the second 
kind, having its fulcrum at b, the power applied at a, and the 
load hanging mid-way between them. In tiia arrange- 
ment, therefore, the power is capable of balancing a weight 
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or oppowng a resistance of twice its own amoanL It should, 
lioweTer, be observed, that io reckoning the load we most 
include the weight of the ^^ ^ ^^ ^^ 

moveable puUe; A B, which 
is also snatained bjr the 
power. In fig. 88 Uie weight 
is equal to three times the 
power, and in fig. S9 to four 
times the power. In each 
of these cases it will be 
seen that the tension of 
each part of the rope ia 
equal to the power f. In 
fig. 88 the load w is dis- 
tributed equally among 
three portions, and in flg. 
39 among four portions of 
the rope ; and as each por- 
tion is stretched equally by 
the power, it follows that 
in the one ca§e the weight 

ruHed is^early equal to three times, and, in the other case, 
to four times the power. Hence it appears that in systems 
of pulleys with one rope and one moveable block,* the load 
is as many times the power as there ore different parts of the 
rope engaged in supporting the moveable block ; and, in 
general, when the power acts downwards, the number of 
pulleys required equals the number of times that the power 
is to be concentrated ; but when the power acta upwards one 
pulley may be dispensed with, for in the last three figures 
the power p nught have been applied to pull up the cord a, 

* The Waei is the ftameirork in Thioh tlie vheela or eheatKi are 
■ecored b; means of the pivot or szle. A combiostion of blocks, 

shearee, and ropes, U called a ta^Me. In the pulleys represented in 
&g. 38 the ahesyes move on sej>aniC« axles ; it is, however, more usual to 
plaoe them Bide hy side on the same azte, as in fig. 39. 
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without the interrentioii of the fixed puU^ c, which adds 
Dottung to the mechanical efied^ 

65. In the preceding cases we have supposed the partd 
of the rope which support the weighty to be parallel, or 
nearly bo. When such is not the caa^ the machine it 
greatly deteriorated as a mechanical power; indeed, at 
Pig. 10. certain obliquities, the' 

power would require to 
be greater than the weight; 
in order to produce equi- 
librium. ' In order to de^ 
termine the', power necea* 
Boiy to Biqtport a given 
#eight.when the parts o( 
the oord b c, b h, fig, 40, 
ar&Aot parallel, tale the 
line B Jk. vertical, and consisting of as many inches as the weight 
consists of ounces or pounds. From A draw A.D, parallel 
to B H ; and from B draw A e, parallel to B o. The foite of 
the weight represented by the diagonal a b will, aa we have 
already seen^ (9, 10), be equirident to two forces repre- 
sented by B D and H E. The number of inches in these lines 
respectively will represent the number of ounces, or pounds, 
which are equivalent to the tensions of the parts B c and b H 
of the cord ; but as these tenaons are equal, B-D and b b 
must be equal, and each will express the amount of power 
which stretches the cord at p c. As each of tha four sides 
of the parallelogram A e b d equally represents the power,- 
and as the diagonal ab represents the weight, the latter 
most always be let$ than twice the power wMch Is repre- 
sented by A s, X B, taken together. But if the angle c b h 
exceed 120°, a b will evidently be shorter than b b or b d, 
so that the power at p will require to be greats than the 
wdght w ; and this excess may be in any proportion, so 
that it is impossiblB by ant/ power applied at p, to pull the 
cord c B H mathematically stnught, however small the weight 
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. w maj be, or even if there be na weight except that of the 
.cord itself. Hence, also,. we see tbQ reason that a harp- 
string, however tightly stretched, can always be pulled aside 
b J a very small transverse force, almost infinitely less than its 
longitudinal tension. 

66. In testing the theory of the pulley dynamically, or 
by the principle of virtual velocities, we find that in this, 
as well as in all othesr machines^ whatever is gained in 
force is lost in velocity. It wiU be found in all the ex- 
amples adduced, that the ascent of the weight is as many 
times less than the descent of the power, as the weight itself 

. is greater than the power. Thus, (in fig. 39,) if the power 
be 1 lb. and the weight 4 lbs* and it be required to raise the 
weight 1 foot, thepdwer must descend through 4 feet; for, 
in order to raise the moveable block 1 foot, each of the four 
portions of cord by which it hangs must be shortened 1 foot; 
but as they all fi^rm parts of one continued cord, this must 
on the whole be shortened 4 feet, i*e. 4^ feet of cord must 
pass out from the' system between the blocks. ^' What then 
do we gain by the , pulley ?" it may be asked: the answer is, 
We gain nothing at all ; for, as far as expenditure of pow^r 
is concerned, we may just aa well do without the machine,; 
we gain no power by its means ; all we do is to economize it 
and expend it gradually. In raising a weight of 50 lbs. one 
foot high, the expenditure of power is obviously the saiha, 
whether we accomplish the task by raising 1 lb, through 50 
feet, or 50 separate lbs. through I foot ; and in the pulley, 
or any other machine, a weight of 50 lbs. cannot be raised 
a given height with a less expenditure of power than is re- 
quired to raise 100 lbs. half that height, or 1 lb. 50 times 
that height 

67. In the. common form of block, and when there are seve- 
ral sheaves on the same axle, it is difficult to keeprthe cords 
parallel, and the blocks in their respective positions. To 
remedy this, Smeaton invented the blocks shown in fig. 41, 
which will be more intelligible.with the omission of the rope. 
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Its coarse, bovrever, can easily be traced hj means of t}ie 
numbers affixed to the abeavea. One end of tbe rope ia 
Fi?. 41. attached to tbe book o, at the bottom of 

the upper block i from this point the rope 
is brought under the wheel nuu^ed 1, over 
2, under 3, over 4, under 5, and so on, ac- 
cording to the order of the figures, until 
it is finally passed over the wheel marked 
20, on which the power immediately acts. 
In this arrangement the blocks cannot get 
deranged, because the power acts directly 
over die weight. The wdght being dis- 
tributed over 20 parts of the rope, whicb 
are equally stretched, it follows that the 
weight is 20 times the power. 

But an arrangement of this kind fs 
accompanied by an enormous amount of 
friction; each wheel not only having to 
bear the friction on ita axle^ but fre- 
quently also agtuQst the eaie of the block. 
Another objection arises from the very 
different velocities with which the sheaves revolve. Sup- 
pose that by the action of the power the lower block is 
r^sed one foot nearer to the upper one ; tbe several parts 
of the rope between the two blocks will each be shortened 
by one foot. One foot of that part of the rope extending 
fnan the ring in the upper block to the wheel No. I, must 
pass over that wheel, and also ow all the succeeding wheels. 
But that part of the rope extending from No. 1 to No. 2 ia 
also shortened by one foot, and this additional foot of rope 
must also pass over No. 2 and all the sacceeding wheels. 
Hence, one foot of rope passes through No. 1, two feet 
through No. 2, three feet through No. 8, and so on ; and as 
the veloddes with which tbe wheels revolve are measured by 
the quantities of rope which paas over them in the same 
time, it follows that while No. 1 revdves once. No. 2 re- 
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volvcfl twioBi No. 8 tlire« times, and so on ; tberebj pro- 
ducing an enormouB inequality in the wear of the &xles. 

68. To remedy these defects, it was sn^ested that if the 
wheels wen made to differ in size in proportion to the quan- 
tity of rope which mnst pass over tfaem, they would reTolve 
In the same time, and might therefore be all fixed on the same 
axis, and would require no divisions between the different 
sheaves of the same block. For this purpose, the sheaveB 
would require to have Uieir diameters in the proportion of 
the numbers with which they are respectively marked in 
fig. 41. Bypn^MHtioningwheelsinthismanner, and placing 
them on the same axle, so that they 
might revolve in exactly the same time ; 
OT) what is the same thing, by cntting 
several grooves npon the &ce of one 
solid conical wheel, with diameters in 
the proportion of the odd numbers, 1, 
8, S, ke. for the one pulley ; and cor- 
responding grooves on the fiu» of another 
solid wheel, in the proportion of the 
even nnmbers, 2, 4, 6, itc for the other 
pulley ;* on pasdng the rope success- 
ively over the grooves of such wheels, 
it would be thrown off in the same man- 
ner as if each groove were upon a sepa- 
rate wheel, and each wheel on a separate 
sxis. Such is the pulley invented by 
Mr. James While, and rqnvsented in 
fig. 42. Its mechanical advantages are 
very oonriderable ; and when carefully 
made it is found to answer all that was 
expected of it ; but this very care re- 
quired in its construction is the chief 
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'«atise of its not getting into general nee ; fOT uiilesa the grooves 
are proportioned with great nicety, the rope must obviously 
tUde upon some of th^n, i. e, move with a dl^rent apeed 
fnnn that of their circumferences, thus causing a great in- 
crease of friction, and liability to derangement. 

69. In the syatema of pulleys hitherto described there is 
always a fixed point which supports each system, answering to 
the fulcmm in the lever. It is evident that this fixed point 
sustains both power and wdght^ as well as the whole tackle. 
When the system is in equilibrium, the power only supports 
so much of the wdght as is equal to the tension of the cord, 
the whole remainder of the weight being thrown on thb 
fixed point. In &ct, in this, as in all other machines, the 
power sustains just as much of the wdght as is equal to its 
own force, the remaining part being sustained by the 
machine. Thaa the above system is in equilibrium with a 
power of 10 lbs. and a weight of 70 lbs. Now it is obvi- 
ously impossible for this smaller weight to sustain the lai^er 
one: the tension of the cord marked 1 is equal to 10 lbs.-; 
and as the tension is everywhere the same, 
it follows that each portion of the cord up 
to 8 has a tension of 10 Iba. ; so that the 
cord No. I sustains the power = 10 lbs.; 
and the seven other cords (2 to 8 inclusive) 
sustain between them a wdgbt of 70 lbs. 

70. In the pulleys hitherto described onfy 
one rope has been introduced ; we have now 
to consider the efiect of several distinct ropes 
in the same system. Pulleys cont^ning more 
than one rope are called Spanah bartont. 
Such a system is representedin fig. 43, con- 
toning two ropes. The tenrion of the rope 
F B A D is evidently equal to the power ; con- 
sequently the portions a b and a d must eiuk 
sustain a portion of the weight equal to the 
power. The rope o b sustains the tendong 
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of B F and B A, and therefore the tension of B c A must equal 

twice the power. The united teusiona of the Fig- i*- 

ropes which support the puUej A amouni; 

therefore to four tiiaes the power. The ten- 

Bions of the respective ropes are marked in 

figures, BO that the reader will be able to 

etadj the STStem &om the figure itself, which 

is aa excellent method of impresaing mecha- 

itic&l prindpleB on the mind. All Terbal 

descriptions mnst Decessarily be somewhat 

complex, and consequently &r inferior to the 

grapluc eloquence <j a well-drawn diagram. 

71. B7 a slight variation in the last-men- 
tioned system, the power of the machine may 
be increased (see fig, 44), The rope which 
sustains the power p is here attached to the 
block A, and consequently sustains ^ part of 
the weight equal to p. The second ropeBC ad 
acts gainst the united temdone of p b aqd 

BA, so that the tension of b c, or Fig. 46. 

0.A, or A D, is twice p. Thus the 

weight w balances three tensions, 

two of which (ao and ad) are 

etch equal to twice p, and the third 

(a b) is equal to p i hence the 

weight is fire times the power. 

72. la the system represented 
in fig. 45, fimr ropes are intro- 
duced. The tensions of the several 
ropes will be understood from the 
numbers, and it will be seen that 
in this arrangement the multiplica- 
tion of the power increases rapidly 
with the number of pulleys, bdng 
doubled by eveiy moveable pulley 
added; but this advantage over the 
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common arrangement ie more than counterbalanced by tbe 
very limited range ; for in tbe common blockS) tlie motion 
may be continned till the fixed and tbe moveable block come 
into contact ; bnt in this system, only till D and x come 
plg.jS. together, at which time the 

other pnlleys will be far apartt 
because c rises only half as fast 
as i^ B only one-fonrth, and a 
only one-eighth aa fast. Hence 
the longest possible range i& 
but a small portion of the whole 
height occupied by this sys- 
tem, which accordingly entails 
a gnat waste of spac^ and ia 
hardly of any practical use. 

73. The mechanical effi< 
dency of this frystem may be 
greatly increased by substi- 
tuting fixed puUeya for the 
books in fig. 45, the number 
of ropes remaning the same. 
In this case, fig. 46, the ten- 
sions of the successive ropes 
increase in a threefold, instead 
of a double proportion, as will 
be evident by tracing the course of each rope in fig. 46. In 
such an arrangement one rope would balance three times the 
power ; two ropes 3 X 3, or 9 times the power ; the third 
rope balances three portions of the second, and consequently 
its tension would equal 3 X 9, <ff 27 times the power; the 
fourth rope, in like manner, balancing three distinct portions 
of the third, would have its tension expressed by 3 x 27 
c= 81, which would be the weight w, the power p being !.• 



* The figures at the top of the Isat foar diagraiiu show tbe r« 
required at the BETeral points of auspensiao. The leaaonfortbese willbe 
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The limited range of thisy as of the last system, renders 
it practicallj useless. 

74. In these cases we have not noticed the effect of the 
weights of the sheaves and blocks. On examining the figures 
it will be found that in some cases their weight acts against 
the power (figs. 37, 38, 39, 41, 42, 45, 46) ; in other cases, 
thej assist the power in supporting the weight (figs. 43, 44); 
and there are cases in which the weights of the sheaves and 
blocks are made to balance each other. 

75. The next so-called mechanical power is the inclvned 
plane. It is equally simple with the lever; and, like that 
machine, naturally suggests itself to the mind in raising a 
load to a moderate height, especially when the load is of 
such a form as to admit of being rolled. Thus heavy 
casks are raised into a cart or dray by means of a ladder 
U9ed as an inclined plane ; and are moved out of the cart by 
the same contrivance. In such a case, the strength of one or 
two men is sufficient to raise a load of many hundredweight, 
which but for this, or some other machine, they could not 
possibly lift from off the ground. 

76. Now the statical problem of the inclined plane is this:— « 
suppose, for example, it is required to raise a cask weighing 
1000 lbs. into a cart 5 feet high, by means of a ladder or 
plank 14 feet long, resting against the cart The question 
is, What force must be exerted to prevent the cask rolling 
down the plank, supposing it to have no friction? The 
answer is 357-^ lbs. ; because the force would have to act 
through a distance of 14 feet or inches, to ndse the weight 
5 feet or inches higher, or it would be driven back 14 units of 
length, by the descent of the cask 5 units lower. Therefore, as 
14:5:: 1000 lbs. : 357| lbs. That is, if a man by himself, 
or two men acting together, exert a power of Z5>T\ lbs. in 

evident on inspecting the ropes hanging from each point ; and by adding 
all these resistances together it will be seen that in all cases they equal 
the sum of the power p and the weight w. 
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the proper direction, ttiey will be able to keep this cask of 
1000 lbs. 'weight from railing dowU) however smooth maj 
be the inclined plane ; bot as there is always some fiicdon, 
a less power than this will always sufGce to produce equili- 
brium.* 

77. Tim case is clearly &Dal<^ou8 to those abeody noticed 
in the lever and the puUey, where a small power appears to 
balance a weight many times greater than itselC Bat tiia 
rigour of mechanical justice requires that for work done 
there shall always be an equivalent expenditnre of force t 
that for every weight rtused there shall always be an equi- 
valent exertion of power i and in the above example, we 
see that 1000 lbs. raised through 5 feet, is equivalent ttt 
3577 lbs. raised through 14 feet, because 1000 x 5 s357t 
X14, 

78. The inclined plane is r^arded in mechanical science as 
a -perfectly bard, smooth, inflexible surface inclined obliquely 
ta the weight or redatance. The line k c, fig. 47, is called 
the length of the inclined plane, B c its height, and A b its 
base. If a be a heavy body placed upon it, it will act in tlie 
vertical direction av, by a line passing through its centre of 
gravity G. Now a v may be made the diagonal of a paral- 

^- j,j lelogram awvx, so that if 

a V represent the magnitude 
and direction of the weight, 
it may be resolved into the 
two fbreea represented ia 
direction and magnitude by 
ow and ax, one of which is 
parallel, and the other per- 
pendicular to the plane t hence 
the pressure G v is equivalent to two pf^ssures, a w and <ji j 
the former pressure o w is destroyed by the resistance of tlie 

* The snbjeet of Frietim U noticed In " Ihe Bodinuaits irf C^tU 
Engineeiing," Part 1. pp.Sl— SS. 
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plane, and the latter a z only acts to cause the descent <^ 
the body down the plane. Now gx is to rsaaBcisto 
.A. B ; that is to say, a weight placed upon an inclined plane 
is propelled down the plane by a force bearing such propor- 
tion to the weight, as the height of any section of the plane 
beara to its length. If, therefore, it were required to draw 
the heavy body o up the plane, any pressure in the dir^tion 
X G exceeding g x and the friction, would be sufficient to do 
so ; and any pressure in the same direction, which, with the 
tHction, equals a z, would hold the weight in equilibrium. 
■ The same thing may be proved in another way. Let q w 
be drawn perpendicular to «. C, and a r vertical, which is the 
(Crection in which the weight acta, while x G or s r is the 
direction in which the power acts ; and these two forces 
compose a force equal to the pressure of g od the plane, per- 
pendicular to A B, and forming the diagonal (t w of a paral- 
lelogram, of which G T, G T are the sides. Now, we know 
by the composition of forces (7. lOi H) that the three lines, 
OV,Qr,andGV, pi^. „^ 

are proportional to 
the forces in those 
directions, so that 
the power f is to 
the weight q aa 
G T is to o T, or aa 
AC is to AB; the 

triangles Q T w, w T ^ and A B o, bdng aU obviously similar. 
Hence it is easily seen that, if two weights balance each other 
on two inclined planes of the same height (as in fig. 48), the 
weights must be directly proportioned to the lengths of the 
■planes on which they rest. 

79l In the foregoing examples the power acts in a direct 
tion parallel with the surface of the plane, for this is the most 
advantageous way of applying it^* Jf it act in any other 

* Becsnee the whole eObel of the power it exerted in drawing the 
weight op the pUns; wherau, if the pAirei be directed o&om the plane, 

Matanla. K 
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direction, such as w D, fig. 49, we get the proportion of the 
power p to the weigibt w by drawing w ¥ perpendicular to 
„. the pt&ne A p, w e the ver- 

tical of the centre of gravity 
of w, and E F parallel to w D. 
Now the two forces p and w 
must be proportional to the 
lines w d and W e, or they 
will not compoand a pressure 
w F perpendicular to the 
plane, which is necessary to 
maintain equilibrium. 
If the power act parallel to the base of the plane, as in 
the direction wD, flg, 50, iti proportion to the weight will 
be that of the height of the plane to the base, for if w k be 
the Tertical of the centre of gravity of w, and w o parallel 
to the base in the direction of tiie power, then w f will be 
the resultant of the weight and power, and moat (to preserve 
equilibrium) be perpendi- 
Fig. GQ- (aiiax to the plane ; but this 

caaaot be the case unless 
the triangles D F w, w f e, be 
each similar to the triangle 
B A. C i therefore the power 
will be represented by the 
height C B, the weight by 
the base s a, and the pres- 
sure by the length a c. 
80. Such are the most important properdea of the inclined 
plane, to which the principle of virtual velocities is as ap- 
plicable as to the other mechanical powers already considered. 
Let the weight o, fig, 47, be at the foot of the plane, and the 

I'lB in fig. 19, it is parti; expended in dimidiabiDg the praasnre. Bad putly 
ia ittMxtg it up the pUne. If the power be dii«cted below the plane, as 
in fig. 60, it ii partly expended in increasing the presaare, Uie remaining 
part onl; being efficient in drawing thfi wefgtit np the plane. 
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power p at the top ; then let p descend until o arrive at the 
top of the plane* Of course p will have descended through 
a depth equal to the leTigth of the plane, while a will have 
ascended through a depth equal to its height; hence the;3i||N- 
pendictdar spaces through which the weight and power move 
in the same time are in the proportion of their velocities. 
The proportion of the weight to the power is that of the 
length io the height ; hence the power and the weight are 
reciprocally as their virtual velocities, p multiplied bj the 
space through which it moves is equal to w multiplied bj 
the space through which it moves. Hence, if the height of 
the plane be 2 feet, and its length 50 feet, p will have to de- 
scend 50 feet, while w is raised 2 feet in vertical height ; 
and accordingly p must, as we have seen, exceed i of the 
weight of w in order to effect this. In this example we 
have supposed the power to act parallel to the surface of the 
plane. If it act in any other direction, the principle of 
virtual velocities will still be found to apply. 

8L Some of the grandest examples of inclined planes Bve to 
be found in roads, the inclination of which, when they are not 
level, is expressed by the height corresponding to a certain 
length. Thus, when it is said that a certain road ha0 a ri^ 
of 1 in 20, &c. it is meant, that if 20 yards or feet, or 20 
of any other units, be measured upon the road, the difference 
in level between the two extremities of the distance measured 
is 1 such unit.* On a level road the power is expended merdy 
to overcome friction ; and on the same road it always bearjp 
a constant ratio to the load. This ratio varies on common 
roads, according to their goodness, from ^ to i of the load ; 
but on an iron railway it is no more than 1 or 1^ thereof 

* The object of road-making (b to render the inclined planes (whi<3i 
are naturally short and numerous) as few and long as possible, by throw- 
ing several into one. Single pla^ies, however, of any considerable length, 
can rarely be obtained. There is said to be none longer than that from 
Lima to Gallao, whicl^ is {^bout ^ miles, and has a descent of 511 feet, or 
about 1 in 60. 

E 2 
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according to the dryness or dampness of the rails.* Now, 
on a road rising 1 in 20, the power (a horse, for example) has 
not only to overcome friction, but has really to lift one- 
tiiiientieth of the load. So that if the whole force required 
on a level road were i of the load, on this rise it would be- 

Jo 

come — + 5> or would be not quite double the force required 
on the level. But suppose that, instead of a common road, 
it were a railway, and that the force required on the level 
were only ^L of the load, then on the inclined plane we 
should require L + i = i., or eight times the power re- 
quired on the level Hence the reason that steep planes are 
80 much less admissible on railroads than on common roads ; 
and it is often necessary in road-rm'aking, and especially rail* 
road making, to take a circuitous route rather than carry 
the road over a steep hill. So, also, a careful driver, in 
ascending a steep hill, will wind from side to side of the road 
to save his horses, knowing practically that in ascending a 
certain height the exertion is less by increasing the distance, 
which is done by this zigzag motion. The reasons for this 
practice, however, belong rather to physiology than to me- 
chanics, because, mechanically, the whole exertion required 
to lift the load to a given height must be the same, whether 
the route be long or short ; and the exertion required to over* 
come the friction must be greater, the longer the journey. 

It was seen in fig. 48, that a weight upon one inclined 
plane may be made to raise or support a weight upon another 
inclined plane. It is not necessary that the two inclines 
should form an angle with each other, as in the figure. 
They may be in any position, and be connected by a rope 
passing over wheels, &c. Thus in some railways loaded 
ffaggons are m^e to descend one incline, while another set 

^ Hence a carriage left to itself on an inclined road, will not roll down 
linless t]iQ i|icUi^atipn exceed % in 20, or 1 in 40, (acoording to its 
llp(io<)t)ine^,} but on a n^lway it will roll down an inclination of 1 in 
150 or 200. For particulars respecting sliding fiiciion, seq "I^udiments 
of Oivil Engineering/' Part I. pp. Sl— 85. 
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of waggons are, bj the. descent of the former^ drawn up 
another incline* 

.82. Instead of lifting a load bj moving it along an inclined 
plane, we may effect the same thing by thrusting an inclined 
plane under the load : a moveable inclined plane is called a 
wedge, and has sometimes been raised to the dignity of a dis* 
tinct mechanical power* In its simplest form, as used for 
raising weights, (such as shores placed to support buildings, 
the centres for arches, &c.) its theory is precisely similar to 
that of fig. 50, in which, instead of drawing the load in the 
direction w d, we may draw the moveable inclined plane (or 
wedge) A b c, in the opposite direction d w ; and if w be &ee 
to move only vertically up and down, it will obviously be 
raised through a height equal to b c by the motion of the 
wedge through a space equal to b A. In the wedge or fnove* 
able inclined plane, then (omitting friction), the moving 
power must bear to the resistance moved, the ratio which 
the height of the plane bears to its btise, and hot (as in the 
fixed inclined plane, fig. 47,) the ratio of the height to the 
length. In the fixed plane, therefore, the power always 
balances a load greater than itself, however steep the slope 
may be ; but, in the wedge, the power and load will be equal 
if the slope be 45** ; and if it be steeper than this, the poweir 
will have to exceed the load. Thus, when the centring for 
an arch descends by displacing the wedges on which it rests, 
a great power expends itself in overcoming a very small resist- 
ance, viz. that arising from the friction of the wedges ; and, 
generally speaking, it is not even able to overcome that re* 
sistance. 

83. As the wedge is commonly used for separating two sur- 
faces that are pressed together by some force which consti* 
tutes the resistance, we must regard it in this case as a 
dovkble wedge, or two inclined planes joined base to base. 
Such a wedge is generally used for cleaving timber, in 
which case it is urged by percussion. As regards its 
efficiency as a machine, the same rule has been applied to 
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it aa to other simple machines ; the force acting on the 
vedge being conBidered to move tlirougti its length d c, while 
pj^ .. the renatance )delds to the extent of ita 

breadth a b. The force of percussion (aa 
we elutU presently expltun) differs so 
etanpletely from continued forces, such 
as we have hitherto considered, thst it 
admita of no numerical comparison with 
them ; i. e. the proportion between a blow 
and a pressure cannot be defined ; so 
that the theory of the wedge, as given 
in scientific mechanics, is of scarcely any 
practical valae; and, besides this, the value of the wedge 
ofien depends npon that which is omitted in its theory, 
namely, the friction between its surfaces and the substance 
which they divide, as in the case of nails, bolts, and pinSi 
used for binding substances together. Indeed, if it were 
not for friction, the wedge would recoil after every blow ; 
bencethe friction, in this cose, has been luptly compared to 
the ratchet-wheel (fig. SI), which allows the intenniadon of 
the power without loss of effect. 

84, The wedge is especially useful where a very great fbree 
is required to be exerted through a veiy small space. A tall 
cliiamey, which, through some defect in the foundation, has 
&llen from the perpendicular, baa been restored by means of 
the wedge. A ship is often reused in dock by wedges driven 
under ita keeL The wedge is tiie «hief power used in the 
oil-mill, where oil ia obtained from seeds by encmnous pres- 
sure. Masses of timber and stone are also split by means 
of the wedge. The ^plication of the wedge ia most exten- 
Mve in cutting and piercing instruments, auch aa raztffs, 
knives, chisels, awls, jnns, needles, fcc. The angle of the 
wedge ia made to vary according to the purpose to which 
the instrument is to be applied. The mechanical jtower of 
the wedge is increased by diminishing ita angle, but, ia pnn 
portion aa thia ia done, the strength of the tool ia diminished. 
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Accordingly, the angle of the wedge is made to vary in dif- 
flerent tools ; in those used for cutting wood it is generally 
about 30°; for catting iron, it ia from 50° to 60°; and for 
brass, from 80° to 90°. 

85. Another variety of moveable inclined plane, com- 
monly regarded as the sixth and last simple machine, 
is called the tcrem. In the esse of the inclined plane, 
its mechanical effect is not impaired by giving it a curved 
instead of a straight course. Whether it be made to wind 
round a hill, instead of proceeding in a straight line to the 
summit, is a matter of no consequence, except that the wind- 
ing incline will be longer and easier than the shorter and 
steeper one. Kow, the screw is nothing more than an 
inclined plane winding round a cylinder, and bearing the 
same relation to the ordinary inclined plane, that a ciroular 
staircase does to a straight one. The cylinder constitutes 
the body of the screw, and the inclined plane is called its 
morm or thread. ' 

■ The screw, then, is an in- fig. E3. 

dined plane, constructed upon 
the sur&ce of a cylinder: and 
the usual method of forming it 
is at the turning lathe, in which 
a cylinder of wood, or metal, is 
made to revolve upon its axis ; 
and a cutting point being pre- 
sented to it, is moved in the 
direction of the length of the 
cylinder, at such a rate as to be 
carried through the distance a b 

between two turns of the thread, while the cylinder revolves 
once. The shape of the thread may be sqnaro or triangular ; 
the former being the stronger, but the latter having least fric- 
tion, because least surface to rub. 

86. In the application of the screw, the power is usually 
transmitted by causing the screw to move through a hollow 
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eylinder, or nuty k, oh the interior surface of which are d 
number of threads, exactly corresponding to those on the 
screw. The threads of the screw move in the spaces between 
the threads of the nut, and vice versd. . The power is applied^ 
either to turn the nut while the screw is prevented from turn- 
ing, or to turn the screw while the nut is kept from turning. 
Neither can be done without producing a longitudinal motion 
of one or the other, whichever meets with least longitudinal 
resistance ; but this resistance maj exceed the turning power, 
in the proportion that the revolving motion exceeds the longi-* 
tudinal motion. Thus we gain power by losing motion, as. 
in all other cases where power appears to be increased. 

87k In the method of applpng the screw, shown in the 
above figure, we get really a compound machine, consisting of 
the lever and the screw. The power is applied to the end of 
the lever at p, while the weight, or pressure, w, is sustained by 
the screw, as in the common screw-press. Now, supposing 
the distance A b, between arty two threads of the screw, to 
be half-an-inch, and the circumference of the circle described 
by turning round the end of the lever p to be 5 feet, or 60 
inches, or 120 half-inches ; then, a force or pressure of 1 lb* 
at p would sustain 120 lbs. at w. This is, of course, omit-* 
ting the effect of friction, which in the case of the screw 
is very great.* The condition of equilibrium, therefore, is, 
that the power, multiplied by the circumference which it 
describes, is equal to the weight, or resistance, multiplied by 
the distance the screw or nut can move longitudinally during 
one turn, i. e, the distance between the centres (or other cor- 
responding parts) of two contiguous threads, or rather turns 
of the same thread,f (which distance is called the pilch of 

* It ifl almost always sufficient by itself (as in the wedge) to balance 
the longitudinal force w without any assistance at p. Thus, it generally 
happens that no longitudinal force is sufficient to turn the screw, for 
its threads would be destroyed rather than turn. 

t In fig. 52 this distance is tince a b, because the screw is dovble- 
threaded. Screws with more than one thread are occasionally (though vei^ 
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the screw.) Or, the power : the weight : : the distance 
between two contiguous threads : the circumference de- 
scribed by the power ; which agrees with the principle of 
virtual velocities. 

It will be seen &om this, that we maj increase the mecha- 
nical efficacy of the screw, either by causing the power to 
move through a greater space (by increasing the length of 
the lever) ; or, secondly, by increasing the number of turns 
of the thread, the effect of which will be to bring them 
closer together. Thus, in the above example, if the pitch 
were | instead of ^ an inch, the other conditions remaining 
the same, the efficacy of the machine would be doubled, 
and the power of lib. would sustain 240 lbs. instead of 
120 lbs. 

88. There is, however, a practical difficulty in increasing the 
number of turns in the thread of a screw, for, as they become 
crowded into a small space, they become more delicate, and 
are apt to be torn off under a considerable force, while, if the 
length of the lever be increased, the machine becomes un- 
wieldy. These objectionB have been entirely got rid of by 
the ingenious contrivance of the differential screw by Mr, 
John Hunter, the celebrated surgeon, a b, fig. 53, is a nut, 
or plate of metal, in which the screw c d plays. We wiQ 
suppose the number of threads in this screw to be 10 in 
every inch. This screw c d is a hollow nut, receiving the 
smaller screw db, which contains, we will suppose, 11 
threads in every inch ; this smaller screw is free to move 
longitudinally, but prevented from moving round with the 
former, by means of the frame-work a f a b of the press. Now, 

raroly) made. They are only luefol in cases where a longitndhial force 
18 to produce rotary motion. For in8tan<i(B, the ihterior of a rifle- 
barrel is a screw, or rather ntU of this kind, iiitended to impart to the 
hall a rotation round the line of its motion; the use of which is, to 
preyent a rotation round any other axis, which usually takes place in 
other projectiles, and (unless th^y be perfectly sph^cal) increases the 
resistance they encounter. 

E 3 
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if the baodle o K L be tnrned 
round lOtimea, the screvrcDwill 
more 1 inch npwitids ; and if the 
smaller screw d b were to move 
with C D, the point K would ad- 
vance an inch. If we then turned 
thescrewDK alone lOtimes back- 
wards, the point B would moTe 
down Jf IhB of an inch ; and the 
reank of both modons would hare 
beeui to lift the point e Itb of an 
inch upwards. But if the screw 
CD is turned 10 times round, 
while D K be kept &om turning 
the effect will be the same as 
if it bad moved 10 times round with c d, and then hare 
been turned back ^;ain ten times without o i> ; that is, it 
will advance j^th of an inch, and at one turn instead of 10 
It will advance jlth of Lth, or ^^tfa of aa inch. IS, there- 
fore, the lever at k move through a whole drcumfcreoce of 
a circle, the part x, which acts directly upon the weight, is 
moved through a space equal to the difference between the 
pitch of the thread of c d and that of d b ; whence the name 
of the arrangement. If we suppose the handle to be only 
6 inches long, the power of this machine will be expressed 
bythe number of times the 1 10th of an inch is contained in 
the circumference of a circle of 6 inches radius, or 12 inches 
diameter. Now, by multiplying the diameter of a circle by 
S.1416, we get its circumference ; and 

12 X 8.1416 =» 37.6992 x 110 = 4146.912 ; 

BO tha^ by moving the power once round with the force, say 
of 1 lb,, the screw is raised through the 110th part of an 
inch, with a force of 4147 lbs. nearly; which shows the supe- 
riority of this over the common screw ; for, in the latter, 
ta gain the same power, there must be 110 threads in an 
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inch, wMch wmild render them too weak to resiBt aUj eon- 



Iq the usual method of applying Himtei's screw, the two 
threads are cut (mi different parts of the some cylinder. Upon 
these are placed nnts, which are capable of moving in the 
direction of the length, but are not allowed to turn round. 
It is clear, therefore, tbat^ by turning the screw once round, 
the two nuts will be brought nearer t<^ether, or driven 
fartber apart, according to the direction in which the screw 
is turned, through a space equal to the difference of the pitch 
of the two threads. In this way. Hunter's screw is well 
adapted to the purpoBes of a laicrometer tci-en;, because it 
admits of an indefinitely slow motion, without requiring ex- 
quisite workmanship in the thread. The uses of the screw 
as a micrometer have been noticed in our " Introduction to 
the study of Natural FhiloBOphy," p. 34. 

89. Fig. 54 is a contrivance usually described, in books on 
Mechanics, while speaking of the screw. It is called the 
endleu, or perpetual screw, from having no Fig. 5i. 

longitudinal motion, and therefore no limit ■ 
to its range ; but is really a complex ma- I 
chine, bdng compounded of the screw and I 
the wheeL The thread of the screw is so I 
arranged as to act upon the teeth of the I 
wheel, which are placed obliquely to its I 
axle, like the Stuls of a windmill; and, in fact, may be 
regarded as forming exceedingly short portions of the threads 
of a many-threaded screw, of which the wheel forms a very 
thin slice, perpendicular to its axis. This wheel bears the 
same relation to the nut, whose place it supplies, that the 
spur-wheel (flg. 33) bears to the nmk (fig. 30). If the com- 
mon screw he allowed no motion but that of rotation, its nut 
must move longitudinally; and the teeth of this wheel move 
longitudinally with regard to the small cylinder, but the 
wheel renders this motion circular, and therefore unlimited. 
The cylinder on which the screw is cut, bdng set in motion 
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by a winch, or other means, produces a motion of the wheel 
upon its own axis, which may be in any direction. The re* 
lation between the power and the resistance, supposing the 
circles they describe to be equal, will be as unity to the 
number of teeth in the wheel ; for each torn of the screw 
only moves the wheel through the space of one tooth. Hence, 
if the power and resistance act with different leverage, (or 
at different distances from their respective axes of motion,) 
the moment of the load (with regard to the wheel's axis) 
may exceed the moment of the power (with regard to the 
screw's axis) as many times as the wheel has teeth. For 
instance, let the wheel have 30 teeth ; let the power act on 
a winch 1 foot long, and the load be a weight hanging from 
a barrel of 3 inches diameter ; then their moments would be 
equal, if the load were 8 times the power, (for 1 foot -^ 
1^ inch =s 8 ;) but, as there are 30 teeth, the load may exceed 
the power 30 times 8 = 240 times. This elegant machine 
has obviously far less friction than the ordinary screw ; and 
it is, perhaps, the most compact method ever invented for 
effecting a great change of velocity, and a consequent con- 
centration or diffusion of power, according as the screw is 
made to turn the wheel (as in a barrel organ), or the wheel 
the screw (as in a roasting-jack). It would require a train 
of 3 or 4 pairs of wheels and pinions to produce the change 
here effected by one wheel of the same size ; for, as a pinion 
cannpt have less than 6 or 8 teeth, it will turn a wheel 6 oi^ 
8 times faster than the same wheel would be turned by this 
screw, which may be regarded as a pinion of only onB tooth ; 
and, conversely, the wheel will turn the screw 6 or 8 times, 
while it would be turning a pinion once. But these advan- 
tages are greatly counterbalanced, by the fact that the action 
between the wheel and the screw is necessarily a rubbing^ 
and not a rolling action, as that between the wheel and 
pinion should be (page 58), and thus it leads to far more 
rapid wear. 

The most important applications of Statics to the squill- 
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brium of fixed structures are treated of in ^' Rudiments of 
Civil Engineering." 

90.. In concluding this notice of the mechanical powers or 
elements, we may observe that none of them can be regarded 
as artificial invetitions: they are all coped from Nature's 
mechanism. The levevy as we have seen, is the general 
machine employed in animal movements. The wheely also, 
is found in some of the lower infusorial animals. The cord' 
SLnd-puUey principle is employed in our tendons, some of 
which have their direction changed by passing over fixed 
pulleys of cartilage, like the ring in fig. 36.* Inclined planes 
and wedges constitute the cutting-teeth, tusks, horns, and 
other offensive weapons of animals. Some of the smallest 
animals are furnished with screws, or gimblets, by which they 
pierce the hardest woods, and even stone ; and the screw 
appears to be employed throughout nature, from the huge 
weapon of the narwhal, down to the minutest microscopic 
vessels of plants, not as a mechanical power, but as a con- 
structive form, uniting strength with lightness and beauty.']' 
Nor does it seem absent from the inorganic world ; for, 
among the mysterious relations of light, electricity, and mag- 
netism, are found some which point to screw-like properties, 
or actions, in the elementary molecules of matter. Magnets, 
and electric currents, exhibit mutual actions comparable to 
nothing else but those of the screw and its nut ; and light is 
subject, by the action of certain crystals, and, (as Faraday 
has lately discovered, by this same force of magnetism also,) 
to a kind of polarization, called circular, which possesses 
screw-like properties. 

* One of the musdefl hy which the eye-ball is moyed is called the tro- 
Mearis, from the trochlea or pulley through which the tendon passes. 

f Nature presents us with two species of screws, possessing opposite 
longitudinal motions, when their rotations are alike ; or opposite rota- 
tions, when their longitudinal motions are alike. Conyenience dictates, 
however, that all artificial screws should be of the same kind, and this 
kind is called right-handed. An example of the contrary, or left-handed 
screw, occurs in the tendrils of the hop. 



Part 1L— DYNAMICS. 



I. ON DYNAMICAL, OR UKBAXANCED FORCES — ^INSTANTANEOUS 

FORCES OR IMPACTS. 

91. When the forces or pressures which have been con- 
sidered in the science of Statics cease to be balanced, the 
body on which they act is set in motion; in which case, 
other principles become involved in addition to those con- 
sidered in statics, and the investigation of these constitutes 
the somewhat more complex science of Dynamics.* 

The former is a deductive science, all the facts which it 
considers being deducible (like those of arithmetic or geo- 
metry) from abstract truths. The only difference between 
these sciences consists in the number of these abstract truths 
or ideas which are taken into consideration. In arithmetic, 
the simplest of them, we admit only the idea of number ; f 
in geometry we add to this the ideas of space and direction ; 
and in statics we have to add yet another fundamental idea, 
that oi force or pressure. In dynamics we have further to 
introduce the ideas (inseparably dependent on each other) of 
time and motion ; but in doing so we have also to depart 
from the province of pure deduction, and to admit truths 
which are not perceived by the mind to be necessary, but 

* This word^ being derived firoxn Z^po/us, force or power, would pro- 
perly inclode all the mechanical adenoes, but custom has restricted it 
to that of motion, and placed it in opposition to Statics, which equally 
relates to forces. 

t In fractional arithmetic, indeed (and still further in algebra or 
universal arithmetic), by a gradual extension of this idea it is converted 
into the more comprehensive one of magnitude or qtuirUity, 
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ciepend on what are called laws of nature^ and can only be 
proved by an appeal to those lawa, i, e, by experiment. Thus 
dynamics stands at the head of the physical, experimental, 
or inductive sciences, being (as far as regards its inductive 
part) the simplest of them all. Indeed, the facts in it which 
had to be established inductively were so few and simple, 
that they were all completely established more than two cen- 
turies ago, thus leaving the science to be pursued entirely by 
the method of deduction ; while in no other inductive science 
can it be said that the induction is yet complete, or even 
likely soon to approach completion.* 

92. Of the abstract ideas above mentioned, such as nunibery 
spacCf timej presntre^ motion^ it is neither necessary nor pos- 
sible to give satisfactory definitions. We shall, therefore, 
no more attempt to introduce the reader into Dynamics by 
defining motioriy than we did to define force on introducing 
him into Statics. 

As the degree or intensity of motion may vary to any 
extent, this intensity, which is called velocity^ may be treated 
like any other magnitude ; that is to say, velocities may be 
compared with each other like pressures (4), so that their 
ratios may be represented by those of lines, areas, num- 
bers, or any other class of magnitudes. But we must here 
observe, that in representing velocities by numbers, we have 
no standard or xmit agreed upon by society, and distinguished 
by a particular name (as the pound, ounce, &c. for comparing 
pressures, or the foot, inch, &c. for lengths). Now this 
seemingly trivial fact leads to more circumlocution, and even, 
to the mathematical reader, more unnecessary difficulty in 
the outset of this subject, than might at first be supposed. 
For instance, as we cannot conceive a motion without some 
time during which it lasts, the velocity may be constant or 
uniform throughout that time, or it may be continually 

* Astronomy, or rather that portion of it which may seem an excep- 
tion to this statement, can only be regarded as a branch of Dynamics. 
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nccelerated or retarded^ in which cases the velocity at every 
moment will be different from that the moment before or after. 
Now, as there is no fixed unit of velocity, we must use two 
numbers to express a velocity, for we can only represent it 
in numbers by using the units of two other kinds of magni- 
tude, time and length. Thus we speak of a velocity of 
*^\2 miles an hour," or ** a mile in 5 minutes;" meaning, in 
the first case, that if the motion continued uniform for 
1 hour, the space described would be 12 miles ; or in the 
second, that t/*the motion continued uniform through 1 mile, 
the time elapsed would be 5 minutes. But this evidently 
applies only to uniform motions; so that, in expressing the 
velocity of a variable motion at any given instant, though 
in reality we have nothing to do with any other instant, in 
which the velocity is different^ yet we are obliged to assume 
that it continues uniform through a certain time or space, 
and then state what the corresponding space or time would 
be upon this assumption. 

The method of ascertaining the velocity of a motion at one 
given instant, when it is constantly increasing or diminishing, 
is a subject into which we cannot now enter. We hope pre- 
sently to make the reader understand the simplest case of 
this problem ; but we may observe that its general treatment 
in more complex cases is at once so difficult and so im- 
portant, as to have been beyond the reach of all the mathe* 
matics of the ancients, and to have been the immediate 
object of the invention of fluxions by Newton, and of the 
differential calculus by Leibnitz — ^the two greatest achieve- 
ments ever made in abstract reasoning, and also the most 
useful ; for the whole subsequent progress of exact science 
has depended on them. 

93. In statics, force was regarded simply as that which is 
necessary to oppose or balance force* We are now to regard 
it, not as it is sometimes defined, the cause ofmotioih but as 
the cause of change of motion. It is to the false idea of force 
conveyed in the former definition that we may trace the origin 
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of neaxly all the errors in mechanical reasoning committed 
before the establishment of the true principles of dynamics, 
and still fallen into when these principles are neglected. 
The reader must regard it as fully established, that ybrce, in 
the sense in which we have already used it in statics, is not 
required for the maintenance of motion, but only for its 
change — ^i.e. for effecting, 1st, a change of state from rest tO: 
motion, or from motion to rest ;* 2d, a change in the velocity 
of motion, either by accelerating or retarding it ; or 3d, a. 
change in its directiony by deflecting it upwards, downwards, 
to the right, or to the left. The inertia of matter is only 
another mode of impressing this idea. And since matter is 
inert, that is, has no tendency either to rest or motion,*!' a 
body impressed with a motion must persist in that motion,, 
in a straight line and with uniform velocity, for ever, unless 
some new force act upon it, either to change its state, its 
direction, or its velocity ; for it cannot of itself change either' 
its state of rest or its state of motion, its velocity, or its 
direction. This cannot, indeed (like the facts of statics), be; 
discovered by d priori reasoning, but is inferred from expe- 
riments and observations on all the motions producible by 
us, or presented to our notice either in the heavens or on the 
earth, and is known to be true, because any other law which 
can be substituted for it will be incompatible with some or 
all of those motions. 

94. We are therefore to regard as being in equilibrium, not 
only such bodies as are at rest, but also such as are perform- 
ing uniform rectilinear motion ; for it is only while their 
velocity or direction is changing (Le, while they are being 
accelerated, retarded, or moving in a curve) that the forcea 
acting on them can be unbalanced, or can produce a resultant 

* This effect, however, never comes under our observation, because 
we know of no body in the nniverse in a state of absolute rest. All 
the observable eflfects of force, therefore, are included in the expression 
change o/motion. 

t See '/ Introduction to Natural Philosophy," p. 64 et seq. 
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pressure ; and as long as this pressure remains unbalanced^ 
the motion will continue changing in yelocitjy or direction, 
or both; whenever it becomes straight and uniform, the 
resultant of all the forces acting on the body cs= 0, or it is 
not subject to any ui^balanced force. Thus, when a train or 
a steamboat has started, its velocity continues for a certain 
time to increase, because the forces that urge it forward 
exceed the friction in one case, or the resistance of the water 
against the bows of the boat in the other; but these opposing 
forces are dependent on the velocity and increase, because it 
increases so that they presently become equal to the forward 
loree imparted by the engines, and then the motion becomes 
uniform, and the body, though moving at its full speed, is as 
completely in equilibrium as when it was at rest. Thus the 
motive power is required, not to maintain the motion, but to 
maintain equiUbrhtm with the opposing friction or resistance. 
The motion is maintained because the body has been set in 
motion, and, being inert, has no tendency of itself to alter that 
state; and also because any alteration of velocity (whether 
an increase or diminution) would, by increasing or diminish- 
ing the resistance, while the steam power remains unaltered, 
leave a portion of the former or of the latter unbalanced, and 
this unbalanced force, acting against or with the direction of 
the motion, would retard or accelerate it till the former velo- 
city was re-established. Thus the equilibrium is stable, or 
tends, when disturbed, to restore itself. 

Similar to this is the case of a parachute or of a drop of 
rain, which, being subject to the constant force of gravity, falls 
with constantly increadng velocity, till the resistance of the 
air against its fall becomes equal to its weight, which is 
thenceforth expended in balancing that resistance, so that its 
velocity continues uniform. But in most other falling bodies 
this equilibrium is never attained, so that their velocity con- 
tinues to be accelerated throughout their falL 

95. The dynamical effect of force, then, being a change in 
motion, it will readily be seen that a continued force or 
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pressure^ such as we have hitherto been chiefly considerixig, 
muBt produce a continuous change, whether in velodtj or 
direction (which must in this case be curved). The simpler 
effect of a sudden change of velocitji or an angular deflection, 
can only be produced by an impact, or instantaneous exertion 
of force, such as we have mentioned when speaking of the 
wedge (83) ; and to this kind of force we will, therefore, for 
the present confine ourselves. • 

96. The greater part of the forces which impart motion 
to a body act directly upon only a few of its molecules : thus, 
when a billiard ball is struck with the cue, we touch only a 
small portion of its surface; when a bullet is projected from 
a gun, the gases suddenly evolved from the powder act upon 
only one hemisphere of the bullet. As all the parts of a 
body are set in motion by an impulse communicated to a few 
only of its molecules, it is dear that there must be a diffusion 
of motion from the parts struck or acted on over all the other 
parts of the body before it can begin to move. When this 
is not the case, the part struck is compressed, flattened, or it 
is chipped off, and performs its journey alone, leaving the 
mass behind ; but when the force has time to be propagated 
through all the particles, the body is then impressed with a 
motion common to all its particles. This diffusion of motion 
from particle to particle requires time; the time may be 
exceedingly short, but not infinitely so ; it depends upon the 
extent of matter to be moved, and also upon its nature, such 
as whether it be metal, stone, clay, wood, water, air, &c.* 

When a force has acted upon a body, and the motion has 
diffused itself over all the molecules, so as to impress them 
with a common velocity, the force has done its work ; it has 
produced its effect, and may be said to have passed from the 
moving power, or source of motion, into the thing moved* 
Thus a stone projected by the hand, by a cross-bow, by a 
sudden blow, or by an explosion, describes a certain path in 
space in obedience to the force which has acted upon it once 
* See " Rudimentary Pneumatics" — Sound* 
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for air, and then ceased, leaving the force thus impressed to 
do its work. Now, if the stone in its progress met with no 
other form of matter, neither with air, nor with water, nor 
any other fluid, neither with any solid body at rest or in 
motion — ^if, in short, no other force acted upon it, it would 
continue to move with the same velocity and in the same 
direction for ever. 

97. The moving body, then, retains the impression of the 
force to which it has been subjected, and we may naturally con- 
clude that the same force would not produce the same effects 
on different bodies. The charge of powder capable of pro* 
jecting a small shot, for example, may scarcely produce the 
slightest motion in a cannon ball. It may be said that the 
reason for this is, that the ball is so much heavier than the 
shot : but if this were the true reason, it would follow that 
if bodies of all kinds were deprived of weight, or had their 
weight neutralized by being suspended or balanced, they 
might all be set moving with equal velocity by the same 
impact. This would certainly not be true, for it is an esta-^ 
bUshed principle in mechanics, that when the same force acts 
upon different bodies free to move, their velocities are in the 
inverse ratio of their masses, or of the quantity of matter of 
which they are composed. Thus the same chaise of gun- 
powder which would project leaden balls whose volumes or 
masses were as 1, 2, 3, 4, &c. would impart velocities to 
them as the numbers 1, I, ^, i, &c. so that the ball whose 
mass is 10 would acquire from the same force a velocity of 
i-^th; the mass equal to 100 would have a velocity 100 times 
less than that of a mass equal to 1, and so on ;* hence it 
will be seen that the mass multiplied into the velocity gives 
in each case the same number : in the first case, 1 x 1 =s 1 ; 
in the second, 2 x | =* 1> and so on. This product of the 
mass of a moving body by its velocity, is called the momeu' 
tuniy or moving force, or quantity of motion. In speaking 

* When there is no Motion, the Bmallest impact is sufficient to impart 
motion to the largest mass ; but only, of course, a very slow motion. 
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of multipljing a velocity by a weight, we of course mean 
only that the unita of weight (ounces or pounds, for instance) 
are to be multiplied by the units of velocity (feet per second, 
or miles per hour, for instance); and it matters not what 
units of each kind are employed, for the product thus ob- 
tained means nothing by itself, but only by comparison with 
other products similarly obtained by the use of the same 
units ; and the result of this comparison will be the same, 
whatever units were employed. The momenta, or quan* 
tities of motion, in any number of bodies, found in this 
way, will bear the same ratios to each other, whether all 
their weights be measui*ed in ounces or in tons; their velo- 
cities in inches or in miles, and by the second or by the 
hour, provided always that they are all measured in the 
iamB manner. It appears then that the same impact 
always gives the same quantity of motion, whatever may be 
the body which it impels; so that the true measure and 
characteristic of an instantaneous force or impact, is the 
quantity of motion it is capable of imparting. Thus we may 
describe an impact by saying that it is equal to 50 lbs. moved 
1 foot per second, or 1 lb. moved 50 feet per second, or 2 
lbs. moving 25 feet per second, &c. &c. all meaning the same 
thing. 

98. In ordinary language, the force of any moving "body 
means its momentum, or the impact required to stop it, or to 
impart the same quantity of motion to a body previously at 
rest.* Hence we see: — 1. That when equal masses are in mo- 
tion, their forces are proportional to their velocities. 2. That 
when the velocities are equal, their forces are proportional 
to their masses, or quantities of matter. 3. That when 
neither the masses nor velocities are equal, the forces are in 
the proportion of both taken jointly, that is, the proportion 
of their products. 

* Bnt the usefol efibct is In most cases proportional not to the 
mofiMmXMm^ but to the vis viva, for which see " Budiments of Ciyil 
Engineering,** Part I. p. 24. 
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99. These theorems may be illuatrated by the app&nitQS 

shown in fig. 55. Two balb of clay, a, b, or of some other 

comparatively inelastic aubstiuice,' are suspended by Btrings, 

r\g. 5E. 60 as to hang 

in contact at 

the middle of 

ft graduated 

arc. The arc 

should be cy- 

cloidal and di< 

Tided, not into 

equal pans, 

but as shown 

in the figure; 

Tiz. so that the 

numbers 1, 2, 3, ice. may be proportional to the perpendicular 

heights above the level of the point o. Now it wiU be proved 

presently, in treating of Gravity, — 1. That when a ball thus 

suspended is let fall from any pcunt of the arc, its velocity 

will be the same whatever may be its mass. 2. That this 

velocity will continually increase till it reaches the point o. 

3. That on arriving there, its velocity will be proportional 
to the square root of the vertical height it has descended. 

4. That if it start from o with this same velocity, it will 
ascend to the same height from which it must have fallen to 
have acquired that velocity, and no higher ; because its velo- 
city is, by the action of gravity, constantly diminished, till at 
this precise height it is destroyed. The velocities of the bolls, 
then, at the moment of tiieir arrival at (or departure from) 
the point O, maybe exactly measured bynoting the divinons 
on the scale from which they have descended, or to which 
they ascend, provided the 4tb division be reckoned 2, the 
9th division 3, Sw. Now suppose these balls to be equal in 
mass, and to be moved in opposite directions, a towards d, 

* Wix Boftened b; tho addition of onGfoarth ita weight of oil auBwera 
very welL 
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and B towards e, and then allowed to fall at the same 
moment. If the balls fall through equal arcs, thej will of 
course impinge upon each other with equal velocities, and 
each will destroy the force of the other, and remain at rest;* 
for equal masses^ having eqtud velocities, must have e^ual 
forces. 

Let us next suppose that the ball A is double the weight 
or mass of b ; and let a be raised towards d as far as to the 
first division; and let b be raised towards e as far as the 
fourth division. When allowed to descend, at such an in^- 
terval of time as to bring them both at once to the point o f 
their velocities will be as \/l : y^4, or as 1 : 2 ; but as their 
masses are as 2 to 1, their forces will be as 2 x 1 to 1 x 2, 
or equal. Accordingly, afler impact these two bodies will 
remain at rest, because the equal and opposite forces have 
destroyed each other. So also, if any balls have their masses 
inversely as their velocities, their forces will be equal, and 
they will consequently remain at rest after impact. 

Again, suppose a and b to be unequal in mass, but equal 
in velocity ; that A is twice the size of b, and that each is 
allowed to descend from the same height, at d and e ; if the 
velocity of each be called 6, the quantity of motion in a may 
be expressed by 2 x 6 = 12, while that in b will be only 
1x6 = 6. After impact the six parts of motion in b wiU 
destroy 6 parts of the 12 in a, leaving only 6 parts in both 
bodies. Now the combined mass of both being s= 3, and 

their momentum = 6, their velocity must be « = 2 ; so that 
both will move on together with a velocity of 2, that is ^ of 

* If the ezperiment be carefully perfonned with balls of clay, and the 
arcs be of considerable extent, so as to give a great velocity, the balLi 
on impinging will penetrate each other, and form one ball. If the balls 
be of lead they will, under the same circumstances, flatten each other, 
and then remain at rest. 

f The exact adjustment of this interval renders the experiment dif- 
ficult, unless the balls be made to follow a cycloidal arc, by confining 
the strings with cycloidal cheeks, in the way described further on. 
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their velocity before impact ; and this will carry them fo jr 
the height from which they descended. Similar results will 
be obtained when the balls are equal in mass, but have been 
raised to different divisions, 

100. This experiment may be pleasingly varied by using 
balls of ivory, or some other elastic material ; in which case 
the quantities of motion which oppose each other are not de- 
stroyed (as with inelastic bodies), but reversed; or at least 
would be so if the elasticity of the bodies were perfect ; but 
with all natural bodies a portion is destroyed and the rest 
reversed. The following effects, however, though never 
exhibited in perfection, may be very nearly imitated by the 
use of ivory balls. If the balls be equal, on removing A from 
the vertical up to any division — say >/4— on the arc, and 
allowing it to descend and impinge on b, which is at rest, b 
receives the whole of a's motion, leaving a at rest, and starts 
off with the force of A, ascending the same number of de« 
grees on the opposite scale that A had descended. Balls oi 
clay or wax thus treated would have moved on both together 
to the division 1, because the same momentum being shared 
by twice as much matter, must impart to it half as much 
velocity. K the ball a has a different mass from b, greater 
or less, instead of being left quiescent after impact, it moves 
in the same direction with b if its mass be greater, or it re- 
bounds in an opposite direction if it be less.* 

* But in no case will the balls remain together. The qnantities of 
motion gained by one and lost by the other being equal, while their 
masses are unequal, the yelocities gained and lost will be inverselj as 
their masses. When the velocity lost by the striking ball exceeds its 
whole velocity before the blow, this excess expresses its velocity in the 
opposite direction ; for motion Zo^, or motion gained in the oppaaite 
direction, are the same thing. If a body moving northward at 10 miles 
an hour, have its velocity reduced to 3 miles an hour, it matters not 
whether we say it has lost 7 units of velocity northward, or gained 7 
southward ; and if its motion had been reversed, and become 8 miles an 
hour, we may either say that it has lost 13| units of northward velocity, 
or gained 13 of southwanl. 



101. When a number of ivory balls of the same size are 
suspended, as in fig. 56, and the first ia removed from the 
vertical, and allowed to impinge upon pi-_ gg_ 

the others, the lost only, No. 7, is 
moved, and this starts off with the 
quantity of motion which No. 1 had 
the moment it struck No. 2. If the 
balls Ko. 1 and No. 2 be both raised 
from the vertical, and allowed to fall 
together, the last two, Nos. 6 and 7, 
will be raised. 

102. In the foregoing cases we have considered the effects 
resulting from the impact of bodies advancing from opposite 
directions. Of course, bodies moving in the same direction 
may impinge if their velocities be different. Thus, if a 
non-elastic body be overtaken by another, the two bodies 
after impact will move with a common velocity. If they he 
equal in mass, half the sum of their velocities will be their 
common velocity aiW impact Since the bodies piove in 
the same direction, there can be no increase or diminution of 
motion by impact, but only a pe-distribulion. If bef(K? 
impact A move with the velocity of 5, and b with that of 3, 
the common velocity of the two bodies, after ifopact, will be 
i, the half of the sum of fi + 3. 

Now suppose A and B to be unequal in mass, as well as in 
velocity. If the mass of A be 9 and its velocity 12, its 
quantity of motion will be 108. If the mass of b be 7, and 
its veloci^ 9, its quantity of motion will be €3. The sum 
of the two motions will therefore be 108 + 63 = 171 ; and 
this of course will be the whole motion of the united masses 
after impact. Dividing this, therefore, by the united masses 
(9 + 7 = 16), we find 171 -i- 16 = 10 a, the common velo- 
city of the imited masses. In general, therefore, when two 
masses moving in the same direction impinge one upon the 
other, and after impKt more togetheiv their common velocity 
may be determined by multiplying the numbers expressing 
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the masses by the numbers which express the velocities ; the 
sum of the two products thus obtained, divided bj the sum 
of the numbers expressing the masses, will give a quotient 
expTOS^ tbe required velocity. 

103. When ft moving body comes in contact with a body 
at rest, it can only continuef its motion by pushing this body 
before il, and e)E>ti»equently communicating to it such a quan- 
tity of fiaot!o<n that after impact they move with a common 
yelodty. If Ihd mass of the moving body be equal to that 
of the body ftt rest, it is evident that after impact the motion 
will be equally divided between the two masses, and the 
velocity will now be only one-half, since the mass has been 
doubled. It will be only the third of the velocity, if the 
mass at rest is double that of the moving body; and in 
general, when a moving body communicates motion to a 
body at rest, the united velocity of the two bodies is to that 
of the moving body as the mass of the latter is to the sum 
of the masses of both. For example, if a musket ball weigh 
^th of a pound, and its velocity on being fired be 1300 feet 
per second, if it strike a cannon-ball of 48 pounds, suspended 
as in fig. 55, it will set it in motion ; and the common velo- 
city of the two is to that of the bullet as §5 is to 48 + m) or 
as 1 is to 961 ; the common velocity of the two is, therefore, 

1300 ^ . , , ^ 

-Qj^ , or about 1 J feet per second. 

When a musket ball strikes against a large stone, or is 
fired at a mountain, it communicates both to the stone and 
the mountain a certain velocity, small indeed, and not mea- 
sureable unless we knew the mass of the mountain in addi- 
tion to other particulars. The mass of a large stone, however, 
is easily found ; suppose it to weigh 500 lbs. or that its mass 
equals 500, its velocity after impact with the musket ball 
moving at the rate of 1300 feet per second, and weighing 
^th of a pound, will be to 1300 feet as 4 is to 500 + 4> or 
aa 1 is to 10001 ; so that the common velocity of the musket- 
ball and the stone after impact will be about 1| inch per 
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KcoDii, a motiOT which ie speeiKly destroyed by resistance 
aad friction ; or rather, this motion is speedily absiH-bed by 
anrnmnding bodies, and even by the mass <* the earth. 
Hence it may be said, that motion ctuumunicates itsdf among 
material bodies, and b never lost ; vhen it appears to be so, 
it in feet only passes from the moving body into other bodies 
which are at rest, or are endued with a less velocity, and 
at length it becomes insensible in consequence Of its enor- 
mous diffusion. In fact, as we have seen, motion cfcn only 
be destroyed by motiou ; resistances and friction disperse it, 
but do not destn^ it. 

104. The velocity of projectiles is measured on the princi- 
ples of impact, by a large mass of wood, or of meta^ suspended 
with as little friction as possible, by a bar of iron, aod called 
a baUirtic pendulum (fig. 57). The cannon baU whose velo- 
city is to be detenained is fired against the solid block of 
this pendnlum, and the height Slg. 6T. 

to which it is made to oscil- 
late by the blow is shown by 
an index on a wooden arc, 
and detcrmiaea the velocity 
with which the mass first 
began to move, when its quan- 
tity of motion was equal to 
that with which the ball 
struck it. In our next chap- 
ter wc shall show how this o 
is determined, but may here observe, that as the velocity a( 
starting is proportional to the square root of the vertical 
height ascended (99), whatever may be the curve ; when that 
curve is circular, as in this instance, the velocities arc as the 
chords of the arcs described;* so that if the arc be m gradu- 
ated that the numbers are proportional to their distances in 
a straight line from 0, they will correctly express the rela- 
tive velocities at starting l^m 0. 
■ This will a^MT by attending to Euclid III. 31, VI. 8, and VI. i. 
F 2 
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Persons who are fond of the marvellous sometimes relate 
facts respecting the effects of musket shots and cannon balls 
which are not generallj belieyed, although they are simple 
consequences of the principles we are now considering. Thus 
a musket-ball will pass through a window-pane without 
cracking the glass, leaving only a clear round hole. If the 
musket-ball were thrown by hand the whole pane would be 
shattered ; but with the usual velocity of a musket ball, that 
portion of the glass actually struck alone yields to the blow, 
and the ball has done its work before the surrounding parts 
have time to share the motion.* J£ the window-pane were 
suspended by a silken thread, the shot would only carry away 
so much of the glass as would allow it space to pass through, 
without even breaking the thread or causing it to oscillate. 
A sheet of pi^r placed on edge may be perforated by a 
pistol-ball without being knocked down; and a door half 
open may be pierced by a cannon-ball without being shut 
M. Fouillet iQentions a case where a cannon-ball carried off 
the extremity of a musket while it was in the soldier's hands 
without his feeling the stroke, just as the head of a thistle 
may be struc]^ off by the rapid motion of a stick, without 
perceptibly bending the stalk. Nay, if the missile be sofl, 
as tallow, it will act with the force of lead, if sufficient velo- 
city be imparted to it Thus in the well-known trick of 

* The piercing effects of such bodies are not proportional to their 
moving effects (or momenta). For suppose two unequal balls (as a 6 
and a 12^ pounder) to have velocities inversely as their masses ; their 
momenta will be equal (97), so that both will have the same power to 
move or overturn an obstacle^ but they will not penetrate a soft body 
to the same depth, for both will overcome the same resistance for the 
ewme length of time, and during this time the swifter ball will have 
penetrated twice as far as the other. To have equal piercing effects, 
therefore, their masses must be inversely as the squares of their velo- 
cities, so that their momenta multiplied into their velocities may be 
equal. This mode of estimating the effect by the product of the 
momentum and velocity, or the product of the mass multiplied twice by 
the velocity, is called the vis vivct, - (See page 93, note^) 



fS 



BECOIL OP GUNS. 101 

firing a piece of tallow candle through a board, the parts 
of the tallow cannot yield until after a certain time ; and 
lintil that time has passed the tallow behaves like a hard solid, 
and before its particles have had time to yield, th*e tallow' 
has already passed through the board. So also in firing a 
^ cannon-ball over the surface of a smooth sea, time is not 
'ii allowed for the water to yield much, and consequently it 
i* behaves like a solid, and reflects the ball. In this way, it is 
said that musket balls have even been flattened. 

105. In our Introduc^on to the Study of Natural Philosophy 
some illustrations were given of what are called the laws of 
motion. It was there explained that every action is accom-* 
panied by a corresponding re-action, equal and contrary. In 
the discharge of a cannon, the elasticity of the gases sud- 
denly liberated by the ignited gunpowder^ acts equally in 
all directions : it acts on the sides with equal and opposite 
forces, which neutralize each other unless the daiinon burst 
by yielding to one of them ; the elasticity of the gases also 
acts towards the muzzle and the breach, and these two equal 
and opposite forces would also neutralize each other if the 
mouth of the cannon were effectually secured ; but such not 
being the case, the ball and the wadding yield : the expansive 
forces of the gas towards the muzzle and the breach being 
equal, produce an equal effect, the one upon the ball, and the 
other upon the cannon ; the one moves forwards, and the 
other backwards. This latter motion is called the recoil of 
the gun ; and the reason why the recoil produces so much 
less velocity than the shot receives &om the opposite force, 
is the greater mass of the cannon and its appendages, as 
compared with the ball. When a sportsman fires a gun, the 
recoil on his shoulder is equal to that which would be pro- 
duced by a shot entering the barrel and striking against its 
solid extremity, with the velocity with which the bullet 
leaves the same gun. Pouillet mentions, as another proof of 
the comparative slowness with which motion is propagated 
through any considerable mass, that the recoil does not begin 
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to be felt until the bullet has actually left 1^ mootb of the 
oannon. The experiment in proof of this was perfcnrmed for 
the first time at BooheUe, in 1667, \>y order of the CardiiiAl 
de Bichdieu* A cannon was suspended horicontally, from 
the end of a very long vertical shaft, or lever, moveable fireely 
about an axis at its other extremity. The ball fired from it 
under these circumstances struck the object towards which 
it was directed in precisely the same manner as it did when 
the cannon was fixed; showing that there could have been no 
sensible alteration of its position until the ball was discharged 
from it, otherwise it could not have hit the same point, but 
a point somewhat lower, depending upon the amount of 
recoiL 

106. The resistance which a moving body meets with in the 
^r, or in the water^ is only am effect of the tnmsference of 
motion. A body moving in water must constantly displace 
a portion of the fluid equal to its own bulk, and the amount 
of motion thus communicated to the water is so much lost 
by the moving body. It is generally admitted in such cases, 
for air as well as water, that the resistance is in proportion 
to the square of the velocity of the moving body. When 
the velocity is doubled, the loss of motion by resistance is 
quadrupled, because not only is there twice as much fluid to 
be moved in an equal time, but it has to be moved with twice 
the velocity. So also when the velocity is trebled, the 
moving body meets three times the number of particles, to 
which it communicates three times the velocity, Ihereby 
occasioning nine times the loss. The resistance to a body 
moving in water is, therefore, about 800 times greater than 
if it were moving with the same velocity in air, for it has to 
move 800 times •as much matter in the same time. But if 
tihe motion in air were 28 times faster than in water, the 
resistance would be about the same, for 28 times the velocaty 
gen^wtes 28 times 28 times (ss784 times) the resistance. 
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n. — EFFECTS OF CONTINUED FORCES — ^UNIFORMLY ACCE- 
LERATED MOTION — DESCENT ON INCLINED PLANES AND 
CURYBS — ^THE PENDULUM. 

107. One cannot fail to be struck with the different degrees 
of rapidity with which bodies fall through the air. A piece 
of gold falls rapidly, and a dry leaf very slowly ; and the 
popular reason for this difference is, that the gold is heavy 
and the leaf light : this, however, is not the true reason, for 
if the gold be beaten out into a thin leaf, neither its absolute 
nor its specific weight is diminished, (indeed, the latter is 
increased,) but the time of its descent through the air is 
greatly prolonged. The fact is, that every body falling 
through a fluid is continually subject to two opposite fot'ces, 
1st, its weighty which is constantly uniform, and acting alone 
would const^Uy accelerate the faU, and 2d, the Jluid resist' 
aneey which, as we have seen, increases with the velocity, so 
that, however smaU at firsl^ it must after a certain time (or 
when a certain velocity is acquired) become eijual to the 
weight of the body, so as to prevent any further acceleration 
(page 90). Now the gold presenting a larger surface when 
beaten out than in the lump, far more resistance is opposed 
to the leaf than to a thick piece of equal weight, movii;ig with 
equal velocity. Supposing both to begin to fall at the 
same instant, when the leaf has attained its maximum and 
uniform speed the lump will still continue to be accelerated, 
for the lump requires a greater speed to generate the same 
resistance. 

108. As the attraction of the earth acts on all bodies in pro- 
portion to their quantities of matter,* it is of no consequence, 
as far as this attraction is concerned, whether a body be in a 
mass or broken up into small pieces, for each piece will be 
as strongly attracted as when it was united in one solid mass 
with the other pieces. The attraction must also be the same 
on one of these pieces, whether it be in a lump or beaten out 

* For proof of this see "Natural Philosophy," page 75. 
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into a thin sheet, since the number of particles remains the 
same. The difference observable in the time of the fall 
of these bodies through the air is due to the resistance of 
that medium ; whence we may fairly conclude that, if the air 
were altogether absent, and no other resisting medium occu- 
pied its place, all bodies, of whatever size and of whatever 
weighty must descend with the same speed. Under such 
circumstances, a balloon and the smoke of a fire would 
descend instead of ascending as they now do by the pressure 
of air, which bulk for bulk is heavier than themselves. 

The conclusion that in the absence of a resisting medium 
all bodies would fall with the same speed, is established by a 
beautiful experiment with the air-pump, in which a piece of 
metal and a feather are let fall at the same instant from the 
top of a tail exhausted receiver, when it is found that these 
two bodies, so dissimilar in weight, strike the table of the 
air-pump on which the receiver rests at the same instant* 

In vacuo neither the size, weight, density, nor figure of a 
body, makes any difference in the velocity of its fall ; and all 
the differences observed in air are easily explained by its 
resistance. For instance, a 2-inch shot falls faster than a 
1-inch shot, though of the same figure and density. In the 
larger we have 8 times as much matter to be moved, and 
also 8 time^ ad much force to move it, and this would give 
it, in Vacuo, the very same velocity (or 8 times the momen- 
tum of) the small shot But it has only 4 times^he surface, 
and is therefore (in a fluid) opposed by only 4 times the resist- 
ance. Again, a ball of lead and a ball of cork of the same 
weight fall with equal momenta, but the cork being larger 

* A similar experiment may be made without the air-pump, by 
placing a piece of hot-pressed paper (or even the thinnest tissue paper) 
smoothly on a flat piece of polished metal or glass, rather larger than 
itself, and letting them fall together. Though the light body is upper- 
most, it will not be left behind, nor will it in the slightest degree retard 
the fall of the heavier body, as it would if connected with it like a 
parachute. 
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encounters more resistance. Now, let them be of equal size, 
their weights of course are unequal, but they both encounter 
the same resistance, so that the cork, as before, is the most 
retarded.* 

109. Having proved that in reality all bodies tend to fall 
with the same velocity, the next point is to determine what 
this common velocity is, and the relation existing between 
the space fallen through by a body and the time occupied in 
the fall. This relation wiU be the law of motion impressed 
by gravity upon matter. 

It would appear at first view that such a question might 
be determined experimentally by a contrivance similar to that 
used in the guinea and feather experiment (108), only using 
a very long vertical tube instead of the receiver, and having 
exhausted it, allowing a heavy body to fall from the top at a 
given instant, and then marking the point at which it arrives 
after the lapse of one second, two seconds, three seconds, and 

* This eqmdlty of speed m the fall of all bodies (when nnresisted) 
proves that their quantities of matter (or inertia) are exactly propor- 
tional to their weights : it proves, for instance, that if a cubic inch of a 
certain stone weigh three times as much as a cubic inch of water, it 
contains three times as much matter; for it falls with the same speed 
though urged by a triple force, i.e, it requires a triple pressure to impart 
to it an equal velocity in an equal length of time ; and quantities of 
matter can be estimated in no other way than by comparing the forces 
required to produce equal dynamical effects on them. These forces may 
be either instantaneoiis or contintied ; and thus we have two ways of 
ascertaining the comparative masses of bodies, 1st, by comparing the 
impacts required to impart equal velocity to them, or 2nd, by comparing 
the pressures required to impart equal velocities in equal lengths of 
time. This latter condition is necessary, because, as we have seen 
(95) that every continued force or pressure must produce a continu- 
ally increasing velocity, and as any impact, however small, may move 
any mass, however great (103), so also any pressure, however small, 
may impart to any mass any amount of velocity^ by acting long enough. 
A pressure of a single pound might move the largest planet with any 
number of times its present velocity, and it would be easy to calculate 
how long it must continue acting to produce this effect 

t 3 
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MO AIL Bftt the idiffioaltj in fiuch a mode ckf ofasenrfttimi isi 
iJaaX aMiOfi^A body at ihe commfsneement of its ffiU may 
ttoneivkh tolemble ^lowneaSy 00 that the ^e ca«i follow it, 
jet the motion increases so rapidly, that it soon becomes quite 
impQ8siible;to do so. Aecord^n^y, philosophers have resorted 
to Taiioiw eantrifvaaees for so modifying Uie motion of liie 
idling body as to malee it af|kreQiable by.tibe^senses tbroiagb- 
«Hit its whole fiofurae. 

1 10. The Arot philosoi^er who suoceeded in detecting the 
law of falling bodies was Galilea When the study of astronomy 
^as nolongorfor him a safe pncauit, his aeute and powerful 
mind redUred to hk «arliar mechanical studies, and during 
bis residence at Si^ma, after being persecuted by the Inqui-* 
eition, he published, or at least collected, materials for bis 
'^ Diakgues on Motion*" In this worJn the following method 
is given of mi^i^g experiments on the descent of bodies on 
inclined planes.^ '' In a rule, or rather plank of wood, about 
12 yards long, half a yard broad one way and 3 inches the 
other, we made upon the narrow side or edge a groove a 
little more than an inch wide: we cut it very straight, and 
to make it very smooth and sleek, we glued upon it a piece 
of vellum, polished and smoothed as exactly as possible, and 
in that we let fall a very hard, round, and smooth brass ball, 
raising one of the ends of the plank a yard or two at pleasure 
above the horizontal plane. We observed, in the manner 
that I diall tell you presently, the time which it spent in 
running down, and repeated the same observation again and 
again, to assure ourselves of the time, in which we never 

* The invention of this method appeare, from doenments quoted by 
Tentnri and others, to bear date at least as early as 1604. Descartes 
insinuates that Galileo first obtained from him the knowledge of the 
law established in these experiments, but as Descartes was not bom 
until 1596, he must, if his claim be tenable, have been a most astonish- 
ing genius at eight years of age. He also insinuates that Qalileo 
obtained from him the isochronism of the pendulum, which, in fiict, was 
discovered in 1583, thirteen years before Descartes was bom. 



fouiE^d dJiy clifferdBce^ ikh not ao much aa the tenth part of 
«Qe beat of the pulse* Having soade and settled this expe- 
rioieiit, we let the same ball descend tlMX>iigh a fouith part 
only of the length of the groove, and found the measured 
time to be ei^actlj half the former. Continuing our experi- 
tt»^t(5 with other portions of the length, comparing the fall 
through the whole with the fall through half, two-thirds, 
three-foiu^hs, in short, with the fall through anj part, we 
found, by many hundred experiments, that the spaces passed 
over were as the squares of the times, and that this was the 
ease in all inclinotions of the plank ; during which we also 
remarked that the times of descent, on different inclinations, 
observe accurately the proportion assigned to th^n farther 
on, and demonstrated by our author. As to the estimation 
of the time, we hung up a great bucket full of water, which, 
by a very small hole pierced in the bottom, squirted out a 
fine thread of water, which we caught in a small glass, 
during the whole time of the different descents: then weigh- 
ing from time to time, in an exact pair of scales, the quantity 
of water caught in this way, the differences and proportions 
of their weights gave the differences and proportions of the 
times ; and this with such exactness that, as I said before, 
although the experiments were repeated again and again^ 
they never differed in any degree worth noticing.'^ 

111. It will be observed, that as the law first mentioned 
(that the spaces fallen through from the commencement of 
the fall are proportional to the squares of the tiines elapsed) 
applied equally whatever might be the inclination of the planer 
it must apply also when the plane is vertical, or the body falls 
freely. The establishment of so important a law by such 
simple and exquisitely ingenious means may serve to remind 
the reader that Galileo is not unworthy of the fame which 
still belongs to his name as a mechanical philosopher as well 
as a persecuted astronomer. In later times, thci law of falling 
bodies has received a more complete ejiposition by the admi- 
rable machine invented by Atwood, and which will be 
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described presently. But first it is necessary to enter a little 
more fully into the question, in order that the reader may be 
in a condition fairly to estimate the merits of this machine, 
and the important law it is intended to illustrate. 

112. The fall of a heavy body from a height is a uniformly 
accelerated motion, because the attraction of the earth, which 
is the cause of its fall, never ceasing to act, the body gains 
at each instant of its fall a new impulse, whereby it receives 
additional velocity, so that its final velocity is the aggregate 
of all the infinitely small but eqiial increments of velocity 
thus communicated. Hence, the velocity of a falling body 
at the end of two seconds is twice that which it had at the 
end of one ; at the end of three seconds three times that 
which it had at the end of one, and so on. Now, it has been 
ascertained that a body falling freely through space by the 
force of gravity acquires at the end of the first second a 
vtelocity such as would carry it, without any assistance from 
gi^vity, through about 32 feet during the second second. 
This is the Jinal velocity of the body after one second. 
But during this second, the body passes gradually from a 
state of rest through various increasing degrees of speed, 
until it acquires a velocity equal to 32 feet per second. Its 
average speed, therefore, during the whole first second will 
be the arithmetical mean between its starting velocity, which 
is 0, and its final velocity, which is 32 feet per second. This 
mean is 16 feet per second ; consequently, the space actually 
fallen through during this one second must be 16 feet 
During the second second, the body starting with the velocity 
of 32 feet acquired during the first second, falls through 32 
feet> and also through another 16 feet due to the action of 
its weight during this one second only. At the end of the 
second second the final velocity is twice that at the end of 
the first second ; so that during the third second the body 
would move through 64 feet, if subject to no force, t. e, if its 
weight had ceased to act; but as this force continues to act, 
and would during a second move it through 16 feet (if it had 
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no velocity at starting), the whole space described during 
this second will be 80 feet, viz. 64 feet by its previously 
acquired velocity, and 16 by that gradually added during this 
third second. 

113. We see, then, that the weight of any Ifcdy is such a 
force as will, during one second, impart to that body a velocity 
of 32 feet per second, in addition to any motion it may pre- 
viously have. During any other period it would impart a 
proportionally greater or less velocity ; during two seconds, 
for instance, a velocity of 64 feet per second (as we have 
seen) ; or, during half a second, a velocity of 16 feet per 
second. Hence, it appears that the time occupied in falling, 
and thej^naZ velocity, are proportional to each other ; and that 
an increase in one is necessarily attended by a proportional 
increase in the other. Now, we have seen that the average 
velocity, during any fall, is exactly half the final velocity, for 
it is the mean between the velocity at starting, viz. 0, and 
that final velocity ; hence, any increase in the time of fall- 
ing, is attended by a proportional increase in the average 
speed during the whole falL But the space fallen through is 
jointly proportional to the time occupied and the average 
velocity ; consequently, when the time is increased in any 
proportion (say doubled), the body falls, not only twice as 
long, but also twice as fast, and must therefore fall through 
four times the distance. So, also, if one body falls three times 
as long as another, it also falls with three times the average 
speed, and consequently falls, altogether, nine times the dis- 
tance. Thus, the distance fallen must always be proportional 
to the square of the time occupied ; as observed in the expe- 
riments of Galileo. It will thus be seen, that, though a body 
fall 16 feet in a second, it will only fall 4 feet in half a 
second ; for it falls with only half as much average speed, viz. 
a speed of 8 feet per second, or 4 feet per half-second. But it 
acquires a final velocity of 16 feet per second, which would 
carry it, in another half-second, through 8 feet, besides the 
4 feet due to its acceleration during that half-second, making 
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altogether 12 feet» aad thus acoountiiig for the fall of 16 feet 
in a second. 

We thus get an easy rule for determining the space through 
which a body has fallen, simply by knowing the time occu- 
pied by the fall, and multiplying the square of this by the 
number of feet through which a body falls in one second. 
For example : — 

The height fi^en daring one McbUd « 1 x 16 «i 16 feet. 

„ „ two sefconds — 4 X 16 = 64 feet 

„ „ three ieconds «= 9 x 16 ^^ 144 feet. 

^ „ four Be^nds «> 16 X 16 «» 256 feet 

^ „ five Beeonds •- 25 X 16 =s 400 feet 

And the same rule will iipply to any number of seconds, 
whole or fractional. 

114. To show more deaHy how this law is derived from the 
uniformity of the accelcfrating force, we may take the length 
of any figure to represent the time of the whole fall, which 
we may divide into any convenient number of parts ; and we 
may make the breadth of the figure, at each of those divisions, 
represent the velocity at the corresponding instant of the 
fall. Then the area of the figure, or of any portion thereof, 
will represent the distance fallen through during the cor- 
responding part of the time ; for this distance is jointly pro- 
portional to the time and the average velocity^ just as the 
area of a figure is jointly proportional to its length and its 
average breadth. .Let us draw such a figure, then, in which 
the breadth at the conmiencement is 0, and increases uni- 
formly, L e. by equal additions, for equal additions to the 
length. By observing the relations between its breadths at 
different points, and also between the areas of the whole and 
different portions of it, and the areas they would have if 
their breadth continued equal throughout their length, we 
may learn all that has been stated above, by simply substi- 
tuting time for lengthy velocity for breadth^ and diatancefaUen 
for area. The following is an example : — 
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A body bUing freelj daring SJ Beconds ; 

ItutlnfwlOlaTcloclliDr ■ - - 



■FcOi iurimf lit U maU - ■ 
:i<1>lriiv •'tlw^ af twice K, M 

AeqdliJiig ■ nlodiy ol 1 X 11 = 

Acquiring H velocity dT 4 x 33 = 

J^JlI farli; lilt Sli HcHd - - 
Acquiring a Telocity of A X 31 ;; 

f alto during Hit kai/-ttmd - - 
Acquiring ■ lull Tclodtf ef 31 tlmci n = l?«(Htp«Heai 
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1 15. These lows are not confined to the motion o{ falling, 
but Apply equally to every uniformly accelerated motion, 
f. e. every modon produced by an uniform force or pressure. 
Thus, the rising of a cork through water — the rolling of a 
ball down an inclined plane — the aecent of the lighter arm of 
a balance — are motions produced, like that of falling, by the 
constant and uniform force of gravity, and are therefore 
uniformly accelerated ; i.e. if we abstract the effects of fluid 
resistance and fiiction, the above rules {but not the above 
numbert) wiU be found applicable. In every such motion, 
the velocities, at any different instants, are proportional to the 
times elapsed since the beginning of the motion ; the average 
velocity is half the final velocity ; the spaces described 
during successive equal intervals are as the series of odd 
numbers, 1, 3, S, 7, &c. ; and the whole spaces described 
from the beginning of the motion are as the squares of the 
times taken to describe them. But tbe numerical data will 
be different in each case of such motion ; that is to aay, the 
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velocity acquired in a given time, or the time occupied in 
acquiring a given velocity, will vary in each case ; and the 
rate of acceleration will never be so rapid as in the case of 
a body falling freely, because the force will never be so great 
in proportion to the quantity of matter moved. All bodies 
falling freely are accelerated at the same rate, because, in 
whatever ratio their masses may differ, their accelerating 
forces preserve exactly the same ratio. If one body gravi- 
tate with 10 times as much force as another, it has also 10 
times as much matter to be moved ; but if we could oppose 
the weight of one lb. to the inertia of ten lbs. we should 
obtain a motion accelerated 10 times more slowly than that 
of bodies falling freely ; ii e. a motion that would require 
10 seconds to acquire a velocity of 32 feet per second, or 
in one second would produce only a velocity of 3 J feet 
per second. Now this is exactly what happens when a 
balance, whose beam and scales weigh 1 lb., is loaded with 
5 lbs. in one scale, and 4 lbs. in the other : there is an 
unbalanced pressure of only 1 lb., but it has to move 10 lbs. 
of matter. 

1 16. To submit all the laws which have thus been expounded 
to the test of direct experiment, is the object of Atwood's 
machine. It is obvious that the circumstances attending a 
heavy body falling freely through tbe air, cannot be observed 
by any direct method, since a fall during 3 seconds only 
would require a height of 3' X 16=^144 feet, a distance 
which could not be followed accurately by the eye in so short 
a time. This difficulty is got over in Atwood's machine by 
an ingenious' artifice. Two weights are attached to the 
extremities of a fine silken line, which passes over a fixed 
pulley, or very light wheel, so arranged as to produce very 
little friction ; and the magnitude of these weights is so 
adjusted that their difference is to their sum in the ratio of 
unity to any convenient number. For example, suppose 
one of the weights to be 31 J pennyweights, and the 
other 32^ pennyweights ; their difference will be 1, and 
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their Emm 64 ; consequently, the accelerating force will be 
i that of & body falling freely. Kow, as a body ?<£■ SB- 
fells 16 feet during the first second, the descent 
of the preponderating weight will be 16 feet, or 
1 92 indies divided by 64 = 3 inches in 1 second ; 
]2 inches in 2 seconds ; 2? inches in 3 seconds, 
and so on. Hence, by means of a long gra- 
duated rod and a pendulum beating seconds, it 
is easy to follow the weight with the eye, and 
notice the descending weight pass over the divi- 
sions of the scale ; thus furnishing an experi- 
mental proof of the laws already explained. By 
varying the ratio of the two weights any other 
degree of acceleration may be obtained : these 
variations are, of course, only difiereut illustra- 
tions of the same laws. 

1 17. By means of this apparatus we may also 
ascertuD the degree of velocity acquired at the end of any 
given time. To do this, the two weights are first taken equal, as, 
for example, 31J pennyweights each, when of course equili- 
brium is produced. Inorder to produce motion,asmall bar about 
2 inches long, and weighing 1 pennyweight, is placed upon 
the weight which is to descend. A brass ring, about 1^ inch 
in diameter, bdng previously fixed at any proposed division 
(as for example at 12 inches) in the path of the descending 
wdght ; then, as this wdght passes through the ring, the bar 
is left behind, and the accelerating force being thus removed, 
the velocity will alWwards be uniform (abstracting the efiTect 
of friction). In this case we suppose that the body, at Ihe 
end of two seconds, has descended through 12 inches, and 
that its final velocity, at the end of that time, is therefore 12 
inches per second (hdng twice its previous average velocity). 
The uniform motion of the weight would theo be at the rate 
of 12 inches per second, during the third and succeeding 
seconds, did not the friction of the wheel act as a retarding 
force, causing it to move slower and slower nntil it comes to 
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rest It is aaual, horrever, in practice to erect a stage at 
some coavenieDt distance from the ring, sticb as 86 inches, 
through which th* weight will descend in 3 seconds, the 
retaid^dos by fnctico during that time being insensible, if 
„. ^ the Trheel be well mounted, in 

the way shown in the accom- 
[tanjing figure. The axle of 
tlM wheel carrying the thread, 
instead of turning in fixed 
bearings or holes, rests against 
the rimt of other wheels, which, 
of course are turned slowly 
by the modoo of the axle rest- 
ing on them. By this means 
the friction is diminished so conuderably m to have no ap- 
preciable efiect in using the machine. 

J 18. Galileo's experiments on the descent of bodies on in- 
clined planes have already been mentioned. It will be evident 
from the preceding details, that the rate of acceleration on the 
indined plane will be less that that of a body falling freely, in 
the proportion that the effective portion of its weight) acting 
in the direetitm of its motion, is less than its whole w«ight ; 
that is, as we have seen in Statics (78), the proportion 
that the perpendicular height of the plane bears to its length. 
Thus, on & plane inclined 1 in 64, the motion wiU be tite 
same as that of the weights in the above example ; for the 
whole mass has to be moved by a force equal to only L of lit 
weight 

1 19. Hence it appears that (neglecting the effect of friction) 
the final velocity, on arriving at the bottom of the plane, is 
dependent soldy on its height, and will be the same for all 
planes of equal height, however various may be their lengths : 
a very remarkable result. From this it also follows, that the 
aven^ velocities are the same in descending all planes of 
equal height ; and hence, that the times of descending them 
are exactly proportional to thdr lengths. 
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In flg- 61 are represented four inclined pittnee of various 

lengttis, but «f equal height. The £00! yelocitiea of bodies 

tc^Dg down all these plaoeB will be exactlj equid to that of K 

Fig. 81. 



body falling ireelj down the same height ; and the velocity, 
after descending ^ or ^, or any other portion of one of the 
planes, will be the same as that acquired in descending a 
similar portion of the vertical ialL Thus, if the time of 
descending any of these rout«8 be divided into four equal 
parts — at the end of the first ^^ ^ 

part, a body will have fallen 
j^ of the vertical height, at h 
of t^e length of either plane, 
viz. as &r as tlie dotted line 1 ; 
at the end of half the time, it 
will (on any plane) have ar- 
rived M the dotted line 2,2,2; 
and S&61 1 of the time, at the 
dotted line 3, 3, 3 ; and the 
▼elocitiee at crosdng these 
dotted lines will be the same, 
whether the body fall verti- 
cally or down either of the 
planes, without friction. 

120. Another most remark- 
able result of these properties 
of incliaed planes is the beau- 
tiAil experiment in which two 
or mone bodies are placed at 
different points of a circle, and allowed to descend at the 
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same instant along as many planes meeting in tbe lowest 
point of the circle : they will arrive there at the saine time, 
proving that the times of falling through all chords drawn to 
the lowest point of a circle are equal Thus, bodies starting 
from ABC, fig. 62, descend in equal times along the chords 
A B, B D, and c D. If the bodies start at the same instant, 
then at every instant of the fall they will be situated on the 
periphery of a smaller circle. Thus, after J of the fall, they 
will all be crossing the semicircle a ; after |, the semicircle 
h ; and after |, the semicircle c. 

121. In the descent of bodies upon a curve, the resistance 
of the curve neutralizes different portions of the body's gravi- 
tating force at different points. Nevertheless, the velocity 
acquired is subject to the same law as in the inclined plane, 
viz. it is due only to the perpendicular height fallen. Thus, 
at whatever point of the curve the body may be arrived, its 
velocity is always the same as if it were falling freely from 
the level of the point whence it started. For example, in de- 
scending the curve drawn in fig. 61, a body on arriving at 
the dotted line 1, will have the same velocity as if it had 
fallen vertically, or along any road, straight or curved, down 
to the same level. On crossing the level 2, 2, it will have' 
twice, and on crossing 3, 3, thrice this velocity. In ascend- 
ing, its velocity will diminish, and it will cross these lines' 
again with exactly the same velocities as before. Hence it 
will be seen that, if there were no friction, it would be car- 
ried over any eminence, or any number of eminences, lower 
than that from which it started, and will always have the 
same velocity at crossing the same level. 

12^. Hence it follows that the straight line between two 
points at different levels is not the line of shortest descent 
from the upper point to the lower. To explain this remark- 
able fact, let us suppose two bodies to descend from a to b, 
fig. 63, one rolling along the inclined plane a b, and the 
other along the circular arc a c b (or the second body may be 
suspended like a pendulum, which will have the same effect). 
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If we divide eact of tliese lines into any number of equfd 
parts, it is obvious tbat each pdnt of division on the curve 
will be lower than the cor- 
responding point, on the ^^' 
straight line ; so that, at 
every instant of the descent, 
the body on the curve will 
be lower (and therefore be 
moving faster) than that on 
the strught line. Thus its 
averse speed is greater, but 
its journey is also longer, and 

it. becomes, therefore, a question, whether its speed, or its 
length of route, ia increased in the greater ratio. In the 
present case, the speed more than compensates for the 
increase of length ; so that a body will take lea time to roll 
down the curve acb than down the shorter line a b, or down 
any flatter curve situated between the two. It will be ob- 
served, tbat A c B is the longest circular curve that can be 
drawn from A to b without an ascent towards b ; but we 
may yet give a still greater curvature (and consequent 
length) to the descent without lengthening, but, on the con- 
trary, diminishing the time of descent ; and A p q b repre- 
senta the extent to, which the curvature maybe increased 
before the increase of length will begin to compensate for 
the increase of speed, — in other words, it represents the bra- 
chyxtochToiu^ or cvrre of qvicheit descent. Jifathematicians 
Fig. 64. 



have determined that this curve is the eyehtd, or that which 
is described by a point in the circumference of a carriage- 
wheel rolling, along a plane. Such a point as f, fig. 64, 

■ From fipixurrot, thorua ; and xpi"'i '•f>«- 
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describea a series of arch-like curvei^ each of whicb ia called 
a cycloid. IVow, if a slope be made in the form of the half of 
one of these curves (inverted) as A p Q B, fig. 63, this will be 
the line of quickest descent from a to b. Bat a portitMi of 
the aare, toA u ro, (though described In less tune than 
tlte ftfa^ht Bae » %) ia not the line of shortest descent from 
p to Q, To Snd Mx, we must draw a smalls cycloid, of 
■aeh ^Btaeaieae, Hatt when its upper extremity ia placed a£ 
P, ft iImII ptti llBMi^ q, 

123^ Bat At efddA possesses a still more remBrkable pro- 
pert}', called tMChronum,* and which consiflts in thia, that 
from whatever pert of the curve a body may commence ite 
descent, it will always occupy the same length of time in 
reaching the bottom. The former property beloi^ed wily 
to arcs extending to the upper end of the curve, as a p, a Q, 
fig. 63; and the present belongs only to such as extend to 
the lotver end. Bodies starting from a, f, and Q, at the same 
instant, will all arrive at b ti^ther ; and however near to 
B a body may start, it will be as long reaching b aa if it had 
descended the whole curve from a ; or if a body snspended 
from a thread, as 
A B, fig. 65, be made 
to oscillate between 
cheeks in the form 
of half cyclcnds, a.c 
a c, in such a way that 
the thread will juat 
wind over either of 
the half cyclwds from 
A to c or c, the body 
B, ia swinging be- 
tween these two cheeks, will describe a cycloid c b c ;t so 

* From toot, tqual i and ^(firoi, lime. 

t Becsuse it U a matlaeinatiiial propett; of the i^cloid, that its evolttle 
(or the curve desoribed bja thread unwound from it) is another Cfcloid 
equal Mid eimilar to ftnlC 
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that ftom whatever point in this curve the body b is made 
to fall, it will arrive at b and pass to its greatest height in 
the opposite curve in equal times ; and however much its 
oi^illations may diminish in extent, (by t(i€» eflbeli» o# fric- 
tion, &c.) they will always be iwckronoiu, ctr e^mat-'timed. 
This, in fact, furnishes an uochrorums or «q«at-tun^ peA' 
dulum, an instrument which would be invaloable ia pcactiee 
were it not that no substance can be fbnftd ei toA- 
cient strength and flexibility to form a iUkt&A wMfiE riudl 
easily wind on the cycloidal cheeks, and of such a Aoeure 
as that it shall not adhere to them. On this account the 
cycloidal pendulum, although perfect in theory, is inferior 
in practice to the simple pendulum, whose valuable and 
remarkable properties we are now about to describe,* It 
will be seen that when the common pendulum vibrates in 
very small arcs of a circle, its vibrations are, for all prac- 
tical purposes, isochronous, because the circle has the same 
curvature as the cycloid at its lowest point, and may be 
confounded with it for a small distance, as seen near b, 
fig. 65. 

124. The pendulum is one of the simplest of scientific in- 
struments, and also one of the most important, for by its means 
, we are enabled, not only to measure time with precision, but 
to determine the variation of the force of gravity in difierent 
places, whereby data are furnished for determining the 
figure of the earth, and even the density and arrangement of 
materials in its interior. 

Any weight attached to the end of a flexible tliread, and 
suspended by a fixed point p (fig. 66), may be said to constitute 
a pendulum. Its fundamental properties are, first, to show, 
when at rest, the exact vertical, or the direction in which 

'^ But the cycloidal cheeks are necessary for properly performing 
the experiments on impact described in (99). They need not, how- 
ever, be extensive, for a very small portion of them, as ad, a d, 
fig. 65, will guide the body through a laige range of oscillation, viz. 
from e to e. 
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gravity acts ;* geamdly, to oscillate in a vertical plane Then 
drawn on one eide, and then left to itself. If, for example, 
Fie. 6^^^^^ the pendulum p o be drawn aside to a 
and liberated, it will descend to c, and 
then ascend on the other side as far as 
_ B, describing an arc bc, nearly equal to 
I the arc A cf From the point B it will 
again descend to c, and then ascend 
towards a, and so on, for a considerable 
I time. When the weight is descending 
' from A to c, the motion is accelerated, 
and in ascending from o to B it is retarded. 

125. The motion of the pendulum &om A to b, or from 
B to A, is called aji otciUation, or a vibration. Its motion 
from A to c, or from b to c, is, of course, a Ao^ vibration or 
oscillation. 

The amplitude of each vibration is measured bj the arc 
A B, divided into degrees, minutes, ajid seconds. 

The duration of a vibration is the time occupied by the 
pendulum in describing this aro. 

126. If the amplitude of the vibrations of the pendolnm 
does not exceed a certiun magnitude, the time of vibration will 
not sensibly vary, however the amplitude may vary. Thus 

* When Dsed for this ptupoae it ia tumall; called tplnmHint. 

t It >roalil be qaiu equal to a a were it not for the friction ftt f, and 
the iteiitukce of the lii ; and vithont these retuding forces the pen- 
dulum onca moved ironld neTer ceue to oaoUlate, the action of gravity 
beini: inceuant. The pnmf of this ig quite conclnidve ; for thoogh va 
cannot TcmoTe these retarding forces, we can \txj them in a given 
ratio, i«. Te can measare and compare them b; other means independ- 
ently of the pendulam. Now, if wq diminish them to oneAo^ their 
former amonnt, the pendatum will continne OBdllatlDg tmee as long as 
befM^ ; if we diminish them to oao-tiird, it will osdllate Otrice as 
long, &c. ; which is quite suffioient t« prove that if the retarding forces 
were 0, the duration of the motion wonid be ^ i.e. infinite. In a space 
well eihansted bf an air-pump, a pendulam has been known to OMillata 
for more than twenty hours. 
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the time of oscillation will be practically the same, whether 
the angle AP c be 4* or 5% 2"* or 3% or of so small a magni* 
tude that* the eye cannot distinguish it without the aid of a 
microscope. It is certainly remarkable that the pendulum 
should require as much time to describe an arc of fsth of a 
degree, as to describe one of 10 degrees. The reason, how-^ 
ever, will be evident when we consider that the effect of 
gravity in producing motion depends upon the obliquity of 
the line pa. In the position p c the force of gravity tends 
to keep the pendulum at rest ; the impelling effect of the 
force of gravity is measured by the distance of the pendulum 
from this position ; the greater this distance, the greater the 
average velocity of descent ; and any increase of distance 
within a few degrees (or in the cycloid any increase what" 
ever) is exactly compensated by the increased speed of 
describing it. 

127* This remarkable law of isochronism is said to be the 
earliest mechanical discovery made by Galileo, while pur- 
stting'his studies at Pisa, about the year 1581. Being one 
day in the cathedral of that town, his attention was arrested 
by the vibrations of a la&ip swinging from the roof, which, 
whether great or small, appeared to the thoughtful young 
philosopher to recur at equal intervals. The instruments' 
then in use for measuring time being very imperfect, Gkdileo 
attempted, before quitting the church, to test this observa- 
tion by comparing the vibrations of the lamp with the beat-* 
ings of his own piilse. Being satisfied, by repeated trials, 
that the oscillations of the lamp were isochronous, he conr 
structed a pendulum with no other object, at first, than that 
of ascertaining the rate of the pulse and its Variations from 
day to day. In the year 1583, however, we find him recom** 
mending the pendulum as a measurer of time. In his first 
applications of it to astronomical observations, he employed 
persons to count and register the oscillations, but he soon 
invented means of effecting this by machinery, and fifty 
years later he describes his '* time-measurer," or pendulum 

MtchanicM. O 
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docky ^^the precision of whtck is 8a gfoatv and audi, tbfit ijk 
will give the exaot quantity of hojars, miiiuf^s^ aeeoiid9»^ bxA 
even f bircl% if their recurroQca OQuld h^ counted ; wi ita 
cftnstancj is such, that two, four, or ais $ucti instrum^ta 
will go on together so equably, that one will not differ from 
another so much as the beat of a pulA0» not only in an hour, 
but even in a day or a moo^th.'' 

128. Seeing, then, that the yibratioiia of the pendulum 
depeii^d upon the force of gravity, which acts upon all bodies 
with equal effect (108), we n^ay naturally suppose that tbo^e 
vibrations are not influenced by the quantity or quality 
is£ the weight suspended. Balls of metal, of ivory, of wood,. 
8cc. suspended by strings, of the same length, vibrate in the 
same time ; and the same remark would be true with re9pe.cli 
to cork and other light substances^ were it not that they bear 
so small a proportion to the resistance of the atoiosp])ere 
compared with balls of metal. The remark^ however, U true 
of all substances suspended in vaeuow 

1 29. Seeing; then, that ^e time of oscSlation of a pcdftdolum 
vibrating in small area, depends neither iipon the magnitude 
of the arc, nor upon the quantity or qijiality of the substanoe 
suspended, let ns now inquire what effect wiU be pirodnoed 
by varying the length of the suspending tbread. It osa be 
proved that if thei circumference of a circle, be r^ard^ aa 
d.l416v times its diameter, ihe time of ocKSkllatlon of n 
cydoidal pendulum (or of a common pendulum vibrating in 
very small arcs) will be 3.1416 X the time of fidHng ver- 
tically half the length, of the pendulum. As the time of 
oscillation then bears a constant ratio to that of falUng^. 
through the height of the pendulum, and as the times of 
falling different heights are proportioned to the square roots 
of those heights,* it follows that the times of oscillatioa of 
different pendulums are as the square roots ctf the lengths of 
the pendulums. . For example, if we take three pendulums, 

• • • • 

^ For th€ heights fallen aro as the aquaree of the tisses (114), 
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whose lengths are as the numbers I, 4, 9, then fig. s7. 
the times of vibration will be respectively as 
1, 2, 3. Three such pendulums are repre- 
sented in &g. 67, consiatiog of three weights 
suspended in the same vertical line bj |b«^w 
of threads, each attached to two ptdnts <^ 
Bqspengian. It will easily be seen, on r^Mt- 
ing this experiment, that the pendulum wteH 
length is 1, makes 2 vibrations to everj I oC 
that whose lengtk is 4, and 3 vibndions tQ 
every 1 of that whose length U 9. 

la determining the above important Uiw^ 
we have taken what is sometimes oftlled t, 
timple or geometrical pendulum, or mw in 
which the weight of the thread is altogstkvr 
omitted, and the heavy body suspendadt nip- 
posed to have its whole weight collectat iRto 
one physical point ; or, in other woidj^ Aft 
suspended body is supposed to have freight without magni- 
tude. 

130. We now take the case of what is sometimes called a 
arnipound penddum, in which the effect of veig^t in the 
thread, and magnitude in the suspended body, are considraed. 
The several parts of such a body will of course be at different 
distances from the axis of suspenaion. Now, if each mate- 
rial pcHDt of such a body were to he connected with the axis 
of suspension by a separate thread, and if, while this system 
were vibrating as a single pendulum, the heavy body were 
to fall asunder, and each particle were to vibrate by its own 
separate thread, it is evident that those nearest the point of 
suspension would vibrate more rapidly than the remoter par* 
tides. In a heavy body, such as is used fbr the bob of a, 
pendulum, all the particles being bound together by the force 
of cohesion, must vibrate in the same time. Those nearest 
the point of suspension must be retarded by the slower 
motion of remoter particles ; while these, on the contrary, are 
8 2 
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m^e to vibrate quicker hj the tendency of the nearer par- 
ticles to oscillate in shorter times. Thus, in the annexed 
figure, it ia obvious that the exWeme 
Fig. 68. particles at b must be forced to oscil- 

late in shorter times than thej would 
do if left to themselves, while the 
particles at a must oscillate In 
longer times than a simple pen- 
dulum whose length is a. a. There 
must then be'some particle between 
a and b, attuated at such a distance 
from A. that the tendency of the 
particles above it to accelerate its 
motion, is exactly compensated by 
the tendency of the particles below 
it to retard its motion ; conse* 
quently, the molecule situated at 
this particular point, viz. o, oscil'' 

lates in exactly the same time as it 

would do if liberated from alt connexion with the other par- 
ticles above, below, and around, and were set swinging by a 
thread without weight, l^iis remarkable point is called the 
■centre of otdllation,* 

■ • If the motion of b pendulum is to be completely stopped Titbout 
'Jirodncing aof preaanre on the poiat of EoepeiuloQ, the oppoaiog force 
.must be applied, not at iU cfntre o/gramty, but at Its centre of oeciUa- 
tloit. Henee this polut ii also named the ceiUre qf perctueion. If a, 
blow be giTen bj a rod of uniform thiclnesi, held by one end, and 
HWiuig round in a circular arc, the effect of the blow is not so gi'cftt at 
the middle, irhich is ite centre of gfravity, hb at the centre of percuB»ion, 
wliicti is farther from the huid. This property of the centre of pcrcue- 
sion can be autertained by girlag a raurt blow with a stick. If we give 
it motion round the joint of the wrist only, and, holding itxt one 
extremity, strike smartly at a point considerably nearer, or more remote, 
than two-thirds of ita length from the hand, ve feel a painful jar or 
stndn in the hand ; hut if we strike at the point which ia precisely two- 
thirds of Its length, no sncb disagreeable jar will he felL If we strike 
w blow at one end of the sUck, we lUnst make its centre of motion at 
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* 131. The distance of the centre of oscillation from the point 
of suspension forms what is called the length oi the pendulum;. 
This length is in effect the length of the simple pcSidulum, 
which would oscillate with the same rapidity as the com- 
pound pendulum. The position of the centre of oscillation 
depends on the form and magnitude of the oscillating body, 
the density of its several parts, and the position of the axis 
on which it swings. A pendulum of copper with a very 
thin rod, would have its centre of oscillation at o, fig. 68 ; 
but if the rod were thicker, its centre of oscillation would b^ 
higher ; but it can never be so high as the centre of gravity, 
G, though whatever raises or lowers the centre of gravitj! 
will raise or lower that of oscillation. A small weight added; 
to the lower extremity &, causes the centre of oscillation to 
descend ; if this weight were placed higher than o^ it would 
cause that centre to ascend. Accordingly, in some clocks a 
small weight is made to slide upon the pendulum rod, by the 
adjustment of which the clock may be regulated ; it is, how-t 
Qver, more common for this purpose to cause the bob to, 
ascend or descend by means of a screw placed beneath it. 

132. The addition of matter above tlie axis of motion (oi^ 
lengthening the pendulum beyond a) has a very remarkable 
effect. As the matter above a must be rising whenever the 
rest of the pendulum is falling, and vice versd, it tends to 
retard every motion (just as the smaller weight in Atwood's 
machine retards the fall of the other). Hence the iime of 
oscillation is lengthened, and may be made as long as we 
please; for if the matter above A have its whole moment, 
equal to that of the matter below A, there will be no ten- 
dency to oscillate, for A will be the centre of gravity, and, 

one-third of its length from the other end, and theQ the strain will he 
avoided. The convenience of nsing a hammer, or an axe, depends on 
the position of its centre of percnssion ; and swords have its position 
marked on the hlade, and if they strike at a point verj near the centre 
of percussion of one sword, and very £u: from that of the other, the 
latter will be broken, but not the former. 
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the body will remain &t rest in whatever position it is placed, 
or if set in motion will rotate continuallj (which may be 
regarded as an oscillation of infinite length). Now the 
nearer we bring the centre of gravity to the axis of motion, 
the nearer shall we approach this state, and the longer will 
be the lime of oscillation, or the greater will be the virtual 
length of the pendulum; so that this length may be as great 
as we please, and when it is greater than the actual length, 
the centre of oscillation will be tmt of the pendulum, and 
may be at any distance from it.* 

133. Since the virtual length of a pendulum is estimated 
by the distance of its centre of oscillation from the axis of 
Suspension, it follows from what has been said (129), that the 
limes of vibration of different pendulums are in the same 
proportion as the square roots of the distances of their 
centres of oscillation from their axes of suspension. Now 
it is very remarkable, that whatever may be the positions of 
these two points, they are always mutually convertible. For 
example, if X be the axis of suspension, and the corre* 
spending centre of oscillation, the pendulum will vibrate in 
the same time if it be removed from its support, inverted, 
and suspended from o instead of a, for its centre of oscilla* 
tion will then be at a. This property of the pendulum was 
made use of by Captain Kater, in his laborious experiments 
on the length of the seconds pendulum, with a view to fur- 
nishing a national standard of weights and measures. 

134. The mathematical method of determining the place 
of the centre of oscillation is somewhat difficult even in pendu- 
lums of the simplest forms and of uniform density, and hardly 
applicable in others. It may be observed, however, that the 
time of oscillation (and consequently the virtual length) is 
the same for all positions in which the distance of the axis of 
suspension from the centre of gravity remains constant ; and 
also, that the centre of gravity is always in the straight line 

' * Thus we see that a body may he so held (or hare ita fixed axis in 
such a portion) as to have no centre of percussion. 



AS. A HBA8UBEB OF OBATITT. 127 

joining the centre of oscillatibn and the axis^ Hence, if a 
sphere be described round the Centre of gravity with any 
radiuS) another concehtric sphere may be found, such t^&t 
if tiie axis be a tangent to any point of either the outer et 
inner sphere, the centre of oscillation will be at the diame* 
trically opposite point of the other sphere. It is possible to 
find such a l^adius for one of thes^ spheres as shall make the 
other coincide with it In this case (that i% when the axis 
and the centre of oscillation are at equal distances from the 
centre of gta?ity) they are as near each other as possible^ 
BO that ^e pendulum then oscillates in the shortest time 
possible^ 

135. The determination of the exact virtual length of the 
pendulum vibrating seconds (or other measbraUe ititei*vals 
of time) enables us to ascertain some most important £aots 
respecting the earth and the force of gravity, some of which 
will be noticed in our next t;hapter. But in order tb make 
the pendulum applicable to these delicate observations^ it is 
necessary to' determine^ fir^y the exact time of a . single 
iribtutioA; and» seeendly>, the exact distance of the centre of 
oscillation from the point of suspension. The first point is 
determined by observing the precLte number <£ oscillations 
made by the pehdulum in a certain number of hours, as 
determined by a good chronometer ; and then dividing the 
time by the number of oscillations, the exact time of one 
oscillation will be obtained« But as it may be necessary 
durifig several hours to count many thousand oscillations, the 
dumoes of error are v^ great : the method of eoincideneeSf 
invented by Borda, may therefore be employed. The pen- 
dulum whose Inotions are to be observed is placed before A 
pendulum clock, and the two are so adjusted as to osdUate 
nearly, but not quite, in the same time. The two pendulums 
are set swinging at the same moment, but being slightly un- 
equal in length, they soon cease to swing together ; one gains 
a little upon the other, so that they both cross each other in 
swinging, until at length one has gained a whole oscillation 
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upon the other : when this takes phice the two pienduluins. 
coincide for an instant, and again separate as before. Now 
if all these coincidences be observed in a given time, say 
three hours, the hand of the clock will give the numb^ of 
vibrations made hj its pendulum, and the number of coin-* 
cidences will show- the number of vibrations which the other 
pendulum has gained or lost upon it. By adding or sub* 
tracting the number of coincidences from the number of 
oscillations shown by the clock, we get the exact number 
made by the experimental pendulum in three hours. Di-* 
viding the number of seconds in the three hours by this 
number of oscillations, we get the duration in seconds of 
each oscillatioh. 

The length of the pendulum, that is, the distance of the 
ctotre of oscillation from the point of suspension, may be 
found by the rule already given (133), and by giving to the 
pendulum a uniform figure and material, it is the more easily 
determined. 

136. The time of vibration and the length of a penduluni 
being known, it becomes easy, first, to determine the length of 
a pendulum which shall vibrate a given time } and, secondly^ 
to determine the time of vibration of a pendulum of a given 
length. In the one case the time of vibration of the known 
pendulum is to the time of vibration of the required pendu* 
lam as the square root of the length of the known pendulum 
is to the square root of the length of the required pendulum. 
The second problem may be solved thus: — ^the length of the 
known pendulum is to the length of the proposed pendulum 
as the square of the time of vibration of the knoWn pendulum 
is to the square of the time of vibration of the proposed 
pendulum. 
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PI. — UNIFORMLY RETARDED MOTION — COMPOSITION OV 
MOTIONS — PROJECTILES — HEAVENLY BODIES — CENTRI- 
FUGAL FORCE. 

137. Whatever has been stated in the last chapter respecting. 
uniforndff accelerated motion, as produced by the constant 
action of a force in the same direction in which a body is 
moving, will be found equally applicable to the converse 
case of uniformly retarded motion, produced by the constant 
and uniform action of a force in the contrary direction. As 
in the former case the velocity increased by equal additions 
in equal times, so in this case it is reduced by equal losses in 
equal times; and if the force be the same, the yelocity lost 
in any unit of time (such as a second) will be equal to that 
gained in a similar unit in the former case. Thus, when a 
body is projected or thrown directly upwards, and then left 
to the action of gravity, it rises during any second 82 feet 
less than during the previous second, until its velocity is 
reduced to 0, and then to less than 0, that is, to a motion in 
the contrary direction, when the same law continues un<* 
altered, for the body gains (like any other falling body) 32 
feet of downward motion per second, which is the same 
thing as losing 32 feet of upward motion. By taking the 
opposite signs + and ^ to represent upward and downward' 
velocity, we may easily determine the motion of a projectile 
shot upwards with any given velocity, say 100 feet per 
second. At the end of a second its velocity will be reduced 
to 100 — 32 = 68 feet per second ; but the average speed 
daring the whole second is the mean between 100 and 66, 
viz. 84 feet per second. 

In the 1st second it rises 100 - 16 => 84 feet 

In the 2d second „ 84—32 » 52 bringing it to 186 \ 

In the 8d second „ 52->82s9 20 „ 156 1 feet from 

In the 4th second „ 20-82=— 12 lowering it to 144 > the ._ 

In the 5th second „ —12— 82=— 44 „ 100 1 ground. , 

^n the 6th second „ —44-32=— 76 .,, 24/ 
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And another quarter-second will exactly bring it to the 
ground, for its velocity at the end of the 6th second is 
100 — (6 X 32) 8B — 92 feet per second ; and at the end of 
6^ seconds it is 100 — (6^ x 32) =s ^ lOO'feet per second ; 
and the mean between 92 and 100 is 96, so that the avei:ag9 
Telocity during the quarteiMBecond is 96 feet per secondi or 
24 feet per quarter-second. 

As the velodty diminishes just as fast during the ascent 
as it increases during the descent, the body passes any point 
with the same velocity in rising as in falling, returns to its 
starting level with its original starting velocity, and takes 
the same time to perform the whole or any part of its ascent 
to the whole or the corresponding part of its descent. 
Hence^ having the initial velocity, we can easily find the 
time of ascent or descent ; thus, as 32 : 100 : : 1 second 
(the time required to gain or lose a velocity of 32) : 3^ 
seconds (the time required to gain or lose a velocity of 100) ; 
whence 6^ seconds are necessary, first to lose and then to 
gain it The height attained, then, is 3 J X 3| X 16 feet 
*s 156 feet 3 inches. 

138. We see by this example> that motions in the same or 
eontrary directions can be c&mpoundedy like statical forces 
(6), by mere addition or subtraction ; for, in fact, the place 
of the body at any moment of its ascent or descent (at 
6 seconds after its projection, for instance) is the same as if 
it had first risen for 5 seccmds with the uniform velocity 
imparted to it at starting, and then fallen for 5 seconds by 
the free action of gravity. The original velocity continued 
uniformly during this time would have carried it through 
+ 500 feet ; and the action of gravity, as we^^ have s^en 
(113), would bring it through — (5 X 5 X 16) = — 400 
feet ; and, accordingly, the action of both together brings it 
to 500 •^ 400 s 100 feet from the ground. The same pro- 
cess will give us its exact height at any other moment of 
the rise or fall. 

139. This composition of motions could not take place were 
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it hoi for a phjsical law of great importance and simplicity:, 
whioh may be thus exparesded^ that the dynamicdL effects of 
forces are proportional to their statical effects. The same 
force which balances another force of twice the amount, will 
alQo when unbalanced produce twice as much motion ; that 
is to say, it will either (I.) impart to twice as much matter 
the same Telocity in the same time ; or (IL) it will impart 
to the same matter twice the velocity in the same time ; or 
(III.) it will impart to the same matter the same velocity, in 
half th^ time. It must be distinctly understood that this is 
not (as some have supposed) an abstract or necessary truths 
but a physical fact, or law of nature,-^not a fact to be learnt 
by deduction^ but by induction from experiments ; and it is 
this which renders dynamics an inductive science. The 
rules for the compogition of statics) forces may be deduced 
without any appeal to nature; but such appeal is neces* 
«ary before we can s^ply them to motions, for they would 
)Dot be so applicable if motions were not proportional to the 
pressures producing them. For instance, it might have 
been so ordained that the dynamic effects of forces should 
be as the squares of their statical effects, or vice versd^ — that 
a double pressure should produce a quadruple motion, ot a 
quadruple pressure be required to produce a double motion ; 
in neither of which cases could motions be compounded 
in the simple manner above explained. One consequence 
of this would be, that the proper motions of the various 
objects in a ship, for e^tample, would not be so compounded 
with the common motion of the whole ship as to produce, 
with regard to each other, the same effects as if the ship 
were at rest< For example, to quote a case &om Professor 
Robison, suppose a ship at anchor in a stream, and that on& 
man walks forward on the quarter-deck] at the rate of two 
miles an hour; that another walks from stem to stern af 
the same rate ; that a third man walks athwart ship, and 
a fourth stands still. Now, let the ship be supposed to cut 
her cable, and float down the stream at the rate of threes 
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miles an hour. We cannot conceive any difference in th^ 
change made on each man's motion in absolute space ; but 
their motions are now exoeedinglj. different from what they 
were : the first man, whom we may suppose to have been 
walking westward, is now moving eastward one mile per 
hour; the second is moving eastward four miles per hour; 
the third is moving in an oblique direction about three 
points north or south of due east. All have suffered the 
same change of condition with the man who had been 
standing still: he has now got a motion eastward at the 
rate of three miles an hour. In this instance we see very 
well the circumstance of sameness which obtains in the 
change of these four conditions. The motion of the ship is 
blended with the other motions; but this circumstance is 
equally present whenever the same previous motions are 
changed into the same new motions* We must ascertain 
this by considering the manner in which the motion of the 
ship is blended with each of the men's motions. This kind 
of combination is called the composition ofmotum^ to which 
the doctrine of the parallelogram of forces is applicable.^ 

# The importance of this .principle (and also that of tx/perimenl or 
a/Aivt observation^ as distinguished from mere es^pertence or passive 
observation) is well shown by the history of an objection once niged 
against the Copemican system-— viz. that if the earth were really moving, 
a stone dropped from a tower or precipice would be left behind, and fiJl 
at a'coqsiderable distance westward, jnst as it would, if dropped from 
the mast of a ship sailing on a river, be left abaft the foot of the mast. 
Neither of these experiments was actually tried ; they were thought 
too simple, and their results too obvious, to need a special examination. 
So the objection was met with learned arguments, answered by others 
equally satis&ctory, tiU after some years the discussion was suddenly 
cut short by the simple discovery that the stone does not fiill abaft the 
mast, bi^t accurately at Its foot (if in vacuo or in air that partakes of 
the ship's motion). Still no one thought of performing with care the 
other experiment, till, after the complete establishment of the laws of 
motion, it was seen that this ivould still, though for a different reason, 
afford the experimentum crueis for deciding whether the earth be in 
motion or at rest ; and now, instead of conelnding against its motion. 
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' 140. Bat, to takei a simpler case than the above, and one 
which has been already considered staticallj (8). Suppose the 
.body «, fig. 69, to beacted Fig. 69. 

on at once by three forces ^'--"* -;j^^ 

in the directions of the \ '^" -7^/— VrV 

arrows A B c ; that A acting 

alone would in one unit cN^:\-..yfv«'-- -v, 

of time (such as a second, A ^'^^r ^* 

or. an hour) drive the body \ C 

to a ; that b acting alone ^ 

(and being weaker than a) would in the same length of time 
drive the body no further than to &; and that c, in like 
manner, acting alone, would cause it in the same length of 
time to reach c« . Now, to find the ejQfect pf A and b united 
«om:plete.the parallelogram 09 a ^&, apd its further angle d 
is the point to which the body will be sent by the joint 
action of both a and b, in the miM length of time that it 
would have occupied in reaching a by the action of a only, 
or in reaching h by the action of b only. This will be tru^ 
whether the two forces act both in the same manner or in 
different manners, however varied ; but in the latter case, 
although the body arrives at the point cf ju^t as soon, yet it 
will travel thither by a difiEerent route. In order that it may 
move along the straight line xd^ it is necessary that the two 
forces act in the same manner ; such, for example, as by an 
instantaneous impulse, which will cause an uniform motion ; 
or both may act continuously and uniformly, so as to produce 
an uniformly accelerated motion (like that of falling bodies) $ 
or both forces may act with a continually varying intensity, 
•both increasing or diminishing at the same rate, and the 
motion will still be rectilinear. But if one force be instan- 
taneous and the other continuous, or one uniformly continued 

because the stone does not fall at a great distance to the west, we actu- 
ally deriye a direct proof of that motion from the fiict that it falls a 
▼eiy minute distance to the east of the verticaL-^See " Introduction to 
the Study of Natural Philosophy," p. 70, 
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and the other varying in intensity, or both yarying by dif- 
ferent lawSy so as not to preserve constantly the -same ratio 
to each other, then the path of the body will be a curve, 
still, however, conducting it eventually to the point d, in the 
same time that the force A would have taken to send it to a, 
or B to &. 

But suppose the third force c to act on the body x^ and to 
be capable of carrying it to c in the same time that a and b 
jointly would carry it to cL We have only to complete the 
parallelogram xdec^ to find that by the combined action of 
all three forces the body will be sent in the same unit of 
time to €* Here it should be observed, that whether we first 
find the combined effect of a b and then add that of Oy at 
first combine A o and then add b, or first combine B c and 
then add the effect of a, the result in either case will be the 
same, and will conduct us to the same point e. 

It is another remarkable consequence of this law, that 
whether we regard the directions of the three forces as being 
all in one plane, or in different planes $ whether we regard 
the lines of this figure as they really lie fiat on the paper, or 
as the prelection or picture of a solid parallelopiped, the law 
is equally true. The same process is of course capable of 
being extended to any number of forces or motions* 

141. This most important law as r^ards motions, may 
therefore be simply expressed in the following terms: — ^that 
by any number of forces acting together for a given length 
of time, a body is brought to the same place as if each of the 
forces, or one equal and parallel to it, had acted on the body 
separately and successively for an equal length of time^ 
Thus, by the separate and successive action of the forces 
A B c, or equal and parallel ones, during a certain time, an 
equal time being allowed to each, the body x will be carried 
first to a ; thence, by a force equal and parallel with b, it 
will be carried to dy and thence to e, by a force equal and 
parallel with Oi Or if they act in any other order, it is 
easy to see that x will be carried along three straight lines, 
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wbichy thougli forming a different route in each case, will 
jet in every case bring it eyentuallj to the same point e 3 
which is also the point to which it will be carried when thej 
all act together for the same length of time during which we 
have supposed each to act separately. 

142. Let us now consider the effect of the composition of an 
uniform with an uniform^ accelerated motion, the two being 
in different but not opposite directions. In other words, let 
us observe the effect of a constant and uniform force acting 
in any way on a body already in motion. We have already 
considered the particular cases in which the force directly 
assists or directly opposes the motion, — ^the former is the 
case of falling bodies (114), the. latter of those shot directly 
upwards (137). We come now, therefore, to the general 
case of projectiles^ L e. bodies thrown horizontally, or ob- 
liquely. To simplify the question, let us suppose them to 
move in a vacuunty so that they may be subject to no other 
force than gravity, which continually deflects them out of 
the straight line which they would otherwise describe (94), 
and which is called the Une of projection. Now it matters 
not whether this line be horizontal, inclining upwards, or 
inclining downwards, it will constantly be found that the 
vertical depth of the projectile below this line at any moment, 
is equal to the depth which it would have fallen during the 
time which has elapsed since its projection. Thus, if a 
cannon-ball be shot from A in the direction A&, and its 
original velocity be such as would carry it through the space 
A a during one second, then, if not subject to gravity, it 
would proceed in a straight line and arrive at a in one 
second, at h in two seconds, and so on. But gravity alone 
would cause it during the first second to fall 16 feet (say 
from A to g). By completing the parallelogram A a g^, then, 
we see that after one second the body will have arrived at g, 
exactly as if it had first been carried by the projectile force 
during one second to a, and then fallen during one second 
to g. In the same way, during the next second, the ball 
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moves in the directioii of projection through the apace ab, 
01 gh, and in the direction of gravity through A 2 = 3 times 
16 feet. In the third second it advances as much as before 



Tiz. 2 i, and falls 5 times 16 feet, bringing it to the point 3. 
In the fourth and fifth seconds it advances in the direction 
3 A, or 4 1, as much aa in the first second, but falls T times 
and 9 times as much, thus aixiving at the points 4 and 5, 
Now it results from this, that the points A, ^, 2, 3, 4, 5 are 
necessarily situated on a curved line of that kind called a 
parabola, and if the place of the ball at any other moments 
(however numerous) be found, all these points will likewise 
fall on the. same curve. For instance, at half a second after 
projection, the ball will have been shot through half a a, 
and will consequently be somewhere on the vertical line c d, 
half-way between ao and a; ; hut it will not be half-wa^ 
between c and d (and consequently not in the strwght line 
between A and g), for the space tallen through in h^ a 
second is, as we have seen, not 8 but only 4 feet, so that it 
will be only 4 feet below c ; thus accounting for the con- 
tinued curvature of its path.* 

* Ab each force piodaees lu whole effect IndependeuUf of the other, 
it iriU be evident tltat the flight, howerer. long, mmt be peribnned in 
the very same Ume aa if the bodf bad been umply shot vertically up 
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143. The same construction will give us the path of a pro- 
jectile shot horizontally, or obliquely downwards ; and in all 
cases the path will be a portion of a parabola whose axis id 
vertical, or in the direction of gravity. When the inclination 
is upwards (as in the figure), the distance from a at which 
the ball again crosses the horizontal line a 6, is called the 
horizontal range. This will be the greatest possible, with a 
given velocity of projection, when the body is projected at 
an angle of 45® with the horizon, which is the reason that 
mortars are fixed at that angle. In this case the greatest 
height attained is just one-fourth of the range.* It is also 
remarkable that the range wiU be diminished equally by 
equal deviations from this angle, whethier above or below iti 
Thus a mortar will (with the same charge) carry to the 
same distance, on a level plain, when it is inclined 40° as 
when inclined 5(f ; or the same at 10° as at 80°« A very 
elementary knowledge of the nature of the parabola will 
enable th€i reader to deduce these, and some other singular 
fact8.t ' 

t - 

to the highest level which it attains. So also a body shot horizontally 
with any velocity, will reach jany lower level in exactly the same time 
as if it had been simply dropped. 

* So that, as the time of flight is twice the time of falling that height 
(or the exact time of falling four times that height), the ball arrives at 
its destination in the same tiine as if it had fallen a like distance verti- 
cally by the action of gravity. Hence the range (in feet) is 16 times 
the square of the nnmber of seconds in the flight. 

f In all this the resistance of the air has been neglected ; and the inr 
trodnction of this new force, varying as it does both in direction and 
intensity, (being always opposed to the direction of the compound 
motion, and vaiying as the square of its velocity,) complicates the pro- 
blem so much as to render it one of the most difficult in dynamics, and 
one which cannot be said to be even yet reduced to a practical form. 
The calculations of gunnery are therefore obliged to be founded on 
experiment, rather than exact reasoning. How great an effect the air 
has in altering the parabolic form, will be obvious by remembering that 
this curve, if perfect^ would be gymmetnical on each side of its axis ; 
whereas, in the actual path of a projectile, the descending branch ib 



ISft fABABOUCi EIXIPTICAI, AKD I 

144. We have hitherto r^;Brde<lgr»Tit7 as a |wuufM force 
(or aB sctii^ ererywhere parallel to itaeJf X becftue the centra 
towda whi«h It U directed is w distant (nearly 4000 milet) 
that the Ibiea oonTerging to such a centra may be conudwed 
parallel. But If die range of a projectile amounted to some 
odlei^ BO as to hear a measurable ratio to the oarth'a radius, 
it wtMild be uoceseary, in finding its path very aaaetbf, to 
•How for die vanatioii in the direction of gravity; or in 
Other w<MrdB, to regard it as a central forcei by making the 
lines AG, as, b2,iZ,kA,l&, no longer parallel, but such «s 
would, if continued, meat at the earth's centre. 

14i!. A moderate acquuntance with the conic saotiMis will 
enable the reader to imagine the efitet of tJiis change^ viz. to 
liv, 71. convert the parabola into 

one cstremity of a very 
long and narrow tHiptet 
whose other eztr^nity 
passes round the ekrth'a 
centre, and has its ibcu* 
at that centre. Such, io' 
deed, is the carve de* 
scribed by every projec- 
tile. Thus, in fig. 71, a 
body thrown from a to b 
does not stricUy describe 
a paraboU whose focas is 
at F, bat an ellipse, of which Ofw focns is at r and the other 
at c. It is prevented indeed, by impinging on the earth's 
surface at B, from describing more than a very small part of 

alwBTB ihorter and steepw Uutn the Moendin(r eae. If a etiokcl-ball 
dcMTibed B panboU, it would foil to tli« gmimd as obliquely sa it 
originri); TOW from the bit, bnt it Is eaulj Men UuU 11 &1Ib moie pw 
paDdiaQlarl}-. The miit of BymmetiT will be more obTimii in thnwing 
a bod; of leu densit;, inch u cork ; but U incnswe m greatly witli the 
veloeit; of pnyaction. Out » cannoU'tiall will deacribe a Isas wyxamn- 
trical oorve than a ball of cork tbrown \!j hand. 
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the curve ;* but if we suppose all obstacles remored — i£ we 
imagine, for iiudance, the earth's whole mass concentrated at 
the point c — the body would proceed round the entire oval, 
and (if encountering no resistance) return to the point a 
whence it started, and continue to revolve perpetually in the 
same orbit, which would exactly resemble that of a comet 
round the sun. Or, supposing the earth to retain its actual 
dimensions, if a body were projected horizontally from a 
with such a velocity as could carry it through the space a (, 
in the lime of Mling through no greater space than b c, 
such body, though perpetually deflected by gravity, could 
never be brought to the ground by gravity alone ; but (if 
meeting with no other matter to be moved, such as air) 
would continue in the elliptical curve acdy which, after 
appxoacMng within a certain distance of the earthy again 
recedes therefrom, attains its greatest distance at the point 
diametrically opposite to its least distance, and has (like the 
fimner ellipse) one of its foci at c, the other being in this 
case at ^ By a nice a4justment of the velocity and direc- 

* If it he asked, What becomes of its motioa t (for we have said 
(108) that motion is never lost,) we reply, that it is absorbed by (i. e. 
produces its effect on) the mass of the earth, by checking and 
destroying the equal and contrary motion which was imparted thereto 
by the recoil of ihe gun. Urns, were it not fbr the quality of action 
and reaction, even the puny motions produced by human a^ncy wotild 
gradually drive the earth out of her orbit^ and derange the mechanism 
of the universe. A child jumping pushes the earth from him, as well as 
himself ftom the earth ; and then attracts it aa much as he is attracted, 
i. e. with as much momentum. As the spaces moved through by eacli 
are Invenely as their masses, It follows that their common centre of 
gravity remains unmoved : and this consenxttUm of ike centre of gravity 
is a prindple of the utmost importance. It must be constantly borne 
in mind, that no actions, however violent, between two or more bodies, 
can possibly move or disturb the motion of their common centte of 
gravity,—- £^ can only be affected by forces from without the system. 
Bvea in the meeting of two cannon-baUs, or the bursting of a bomb in 
the air, the common centre of gravity of all the fragments will continue 
its previous eourse, perfectly undisturbed by the shock. 
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tion of projection^' the eccentricitj of the ellipse might 
beobme 0> or the path circular and concentric with the 
^rth. 

146. It is in this manner, then, that the moon reTolves in 
an ellipse of small eccentricity, of which one focus is Occupied 
bj the earth's centre. Her deflection from the straight line, 
indeed, during a second, does not amount to anything 
approaching 16 feet ; but, nevertheless, it is due to a force 
exactly identical with that which deflects a projectile* To 
prove this, we have onlj to observe that the distance of the 
moon from the centre of the earth is found bj triangulation'^ 
to Vary within certain limits, which, for simplicity sake, we 
will call 58 and 62 terrestrial radii ; ue. 58 and 62 times 
<mr distJEtncefrom the same centre. Now the moon's deflec* 
tion, when at the former distance, amounts, during any given, 
time, to ^ of the deflection or fall of a terrestrial body 
during the same length of time. But when at the latter^ 
named distance, her deflection is only iii; of that of a terres-' 
trial body during an equal time. These numbers, 3364 and> 
3844, will be observed to be the squares of 5S and 62, whence 
ii' appears that the force which deflects the moon, varies in 
intensity inversely/ as the square of her distance from the 
eojrtJCs centre varies ; and this is confirmed by observing her 
deflection at all other intermediate distances. Hence we 
may easily calculate at what rate she would be deflected or 
attracted if placed at any other distance not comprised withia 
these limits. Now, if we calculate in this manner her deflec- 
tion or fall, supposing her situated at our own distance from 
the earth's centre, we shall find it would be exactly 16 feet 
in a second, 64 feet in two seconds, &c. &c like that of our 
projectiles or falling bodies.t 

* See '' Introdacilon to the Stady of Natural Philoflophy,''page 41. 

t The identity of the force is further placed beyond all doubt by 
finding that the same Tariation of intensity, according to the distance 
from the earth's centre, applies also to terrestrial bodies ; for the dis* 
tance &llen by them in the first second is found to be rather less upon 
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147. This calculation is belebt^ted as baving laid the found- 
ation of that magnificent 'discovery which forms the most 
memorable epoch in the whole history of science* But the 
reader must not suppose that the merit of this grand gene- 
ralization consisted merely, or indeed at all, in a bold and 
fortunate conjecture, supported by a few such calculations as 
this. Such a conjecture was not even new ; but in order to 
remove it from the barren region of conjecture into that of 
rigid and useful demonstration, Newton had not merely to 
calculate, but to invent new methods of calculation (those 
previously known being wholly inadequate to solve such 
questions) ; not; merely to demonstrate,, but to invent new 
modes of demonstration, such as, though never before heai^d, 
-should: yet command universal assent. He had, moreover, to 
show how this simple idea, when fully carried out, repre'> 
sented exactli/f in nuntber^ weight, &ad measure, not only the 
main features of planetary, motion, but all its minutest 
'details ; — not only the Tnedn motions, or such ^ are observe 
•able without actual measurement,. and reconcileable with the 
simple notions of circular and uniform motion, — ^not only 
the inequalities detected by a more attentive observation, 
■and still designated by the term anomxdy (though Kepler 
had just then reducied them to perfect order, and shown their 
dependence on the ellipticity of the orbits),— not only the 
still smaller, and till then unaccountable and seemingly 
'Capricious deviations from these laws of Kepler, — ^but also 

high monntams than at the fiearlevel, and to be diminished exactly as 
the square of the distance from the earth's centre is increased. . This 
has been proved by comparing the oscillations of a pendulum at both 
stations, for the times of these oscillations can be compared,' with any 
degree of exactness, by 'eonnting the number of them made In a day, or 
aoy number of days; and we have seen that these times bear a oOniKtant 
ratio to that of falling half the height of the pendulum. A pendulum 
beating exact seconds at Chamoiini, would lose upwards of 120 beats 
per day at the top of Mont Blanc ; the depth fallen by a body in the first 
second being nearly two-sevenths of an inch more in the valley than on 
the mountain. 
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numerous other yariations, too slow or too miiittte. to be 
detected bjthe mstraments then in use^ but which improved 
means of observation have since rendered appreciable^ thus 
affording continually^ aa the observations beeome more 
exacts new oonfurmations of this wonderful theorj i which, 
among all the multifarious phenomena of falling bodies, pen* 
dulums, the earlii, moon, sun, tides, planets, satellites, comets, 
double'stars, leaves not oiie fact imperfectlj explained, either 
as regards kind or quantity; whether it be a oosmical 
movement, perceptible only in the lapse of many ages, or the 
rising of one spring-tide an inch higher than another, or the 
gain or loss of a few beats per month by a pendulum placed 
in a new situation* 

148. Not content, like many theorists, with proving that his 
assumed force would be sufficient to produce all the observed 
effects, Newton undertook to prove that no other force could 
possibly explain them ; no other being reconcileable with the 
laws which had just been established by the indefatigable 
labours of Kepler. This philosopher had devoted his Hfe to 
the work of ascertaining the laws which regulate (L) the rela- 
tive velocities of a planet in different parts of its orbit ; (II.) 
the iosm of that orbit ; and (III.) the relative velocities of the 
different planets ; and he had succeedied in all l^ree objects. 

149. Firsts with regard to the variations in the velocity of 
the same planet, he had found, that in the ease of Mars, (and 
it has since been amply confirmed in every other case) the 
imaginary line drawn from the planet to the sun's centre 
(called the radius vectai*) moves always in the same plane, 
and in such a way as to pass over equal a7*eas in equal times. 
Thus in fig. 72 (which represents the most eccentric of the 
known planetary orbits), if the areas of the sectors 1, 2, 3» 
4, 5, be all equal, the planet will employ an equal time in 
moving through each of these portions of its orbit. It can be 
demonstrated from, this, that the force which deflects it is 
never directed otherwise than towards the point s ; and^ 
indeed, that a force so directed will necessarily produce this 
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effect, may be easily proved* thus ;— Let the body be at a. 

And moviBg with sueh velocity aa would in an unit of time 

earry it to 6, while tho 

attraction towards 9 Fig. i'2. 

would, in the same ' 

anit, draw it to g. Let 

ns firat suppose ttte 

attraction to act only 

for an instant, but to 

impart, in that instant; 

such a Telocity as would 

carry the body in an 

unit of time to g. By 

drawing the parallelo- 

gram a gb c, we see 

that, at the end of this 

time, the body will be 

found at e ; and as both the component motions are, for tb» 

present, supposed nnifonn, the path of the body will he the 

straight Une a e (140). Kow let the attraction ag^ aot for 

an instant only, imparting such a velocity towards s as would, 

in another anit of time, carry the body, if previously at rest, 

through the space e^, which may be greater or less than ag 



* Howerer dmple thia tmd the other rttuUa of Eeplei's tabonn jot^f 
appMT, tbej could not be ellrited without a degree of penevManea 
■Imoat DDpaiallaled, and of irhiiA m can hardly fbnn an idea. He haA 
neither the ttxlant, which bati beeu eUled " a poriahU oburratoiy," ' 
nor hgarithtBt, hj which a few lines of simple addiUon an made ta 
aerre iiulead of iheeta of complex calcalaUons. Tet thonaanda of 
obaemtione had to be made and compared, not onl; to ascertain the 
troth of each of Kepkr'i Iswi, bat the bliehood of eadi of hl« niMao- 
eeaafbl gaemtti — and these amounted, in the present case slone, to mw»- 
leen. His oontampoiaiies rqianled him as an nselcss dreamer; but 
without these discoreriea we shoald hare bad no ScaOieal Alaanae. 
Merchants, underwriters, the moat praelwd men of the pieaent it^, 
stake their fortunca npon the reaulla of these dreamy speculations of 
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in any proportion. But the previously acquired motion of the 
bodj would carry it in this second unit through the space cd 
equal to a c, and in a straight line with it, We draw, thei^fore, 
the parallelogram eg' de^ and find that the body will describe 
in this time the straight line c e. Kow, by the well-known 
rules respecting the areas of triangles (Euclid, Book I. 
Prop. 37), because de and cs are parallel, the triangles 
ecs, dcs are equal, and (Prop. 38) because a c and c d are 
equal, the triangles acs, dcs are equal; so thatecsis 
equal to c a s, or the area described by the radius rector in 
the second unit, to that described in the first ; and therefore, 
if the attraction continue to act by ijn3tantaneous impulses 
(whether equal or not), repeated at equal intervals of time, 
the body (having its motion changed by each impulse, but 
uniform during the intervals) will describe a ^eri^s of straight 
lines, such that the area described in each interval will be 
equaL Now, however short and numerous we suppose these 
equal intervals to be, the law will still obtain ; therefore it 
will obtain when they are infinitely short, i,e* when the force 
acts continuously ; in which ca3e the series of straight lines 
becomes a curve. To whatever point, then, the deflecting 
force (or attrition) may be directed, the radius drawn from 
this point passes over areas proportional to the times of de-* 
scribing them ; and conversely, when this uniform descrip* 
tion of areas is observed, with r^ard to any point s, it 
proves that the deflecting force is constantly directed towarda 
that point. This remains true, in whatever way the magni^ 
iude of the force may vary. 

. 150. The second law observed by Kepler, is, that every planet 
describes an elliptical orbit, having the sun's centre in one of 
its foci.* As the former law enabled Newton to deduce the 

^ Strictly speaking, however, neither this nor the former law applies 
exactly to the sun's centre, but to that point near it which is the common 
centre of grayity of himself and all his planets, and which point is, as 
we have seen, immoyable by any action between the bodies of the 
system. 
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manner in which the direction of the force varies ; so the 
present enabled him to prove how its magnitude varies ; viz, 
inversely as the square of the body's distance from the centre 
of attraction ; so that if the distance be doubled, the force is 
diminished 4 times. It has been thought by some that this 
is a necessary property of every force directed to or from a 
centre^ because anything spreading in all directions from a 
centre (light from a candle, for instance), becomes, at a 
double distance, spread over a quadruple space (twice as 
long, and twice as broad) ; but it has been doubted whether 
this argument can be extended to forces in general, and the 
great philosopher himself certainly regarded the law as an 
experimental one. It applies so universally, however, to 
central forces, that this may be considered useful as a way of 
impressing it on the memory.''^ The proof that it applies 
to terrestrial gravity has been mentioned above (note, 
page 140). 

151. Kepler's third great discovery, instead of relating to the 
motion of each planet separately, indicates a relation between 
them all ; thus binding the whole into one harmonious system, 
find enabling Newton to prove that the forces deflecting them 
towards the sun are not merely similar^ but identical, Kapler 
found that the periodic times of any two planets {i,e, the 
times occupied in revolving round their whole orbits) are 
proportional to the sqttare'roots of the cubes of the longest 
diameters of those orbits ; or, as it is commonly stated, *^ the 
squares of the times are as the cubes of the mean distances ;" 
for it will be observed that the mean distance of a planet 
from the sun, is half the major axis (or longest diameter) of 
its orbit, for it comes to its greatest and least distances at the 
two extremities of this line, which is, accordingly, equal to 
the sum of these distances, or twice their mean. 

152. From this law Newton proved that the deflections, in 
equal times, of two different planets, were connected in the very 

* See this more full j explained by a figure in " Introduction to 
Katnral Philoflophy," page 96. 

Meckanlct, H 
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same manner as those of the same planet in different parts: 
of its orbit ; viz. that they were inversely as the squares of 
the distances from the sun's centre. Thus the same sort of 
connexion is established between the sunward deflections of 
different planets, as between the earthward deflections of the 
moon and of a projectile. Moreover, it follows, that as all 
the planets are deflected inversely as the squares of their 
distances, they would all be deflected equally if at the same 
distance^ i. e. they would all fall sunward with equal velo- 
cities ; just as we have seen that all terrestrial bodies (at the 
same place) fall earthward with equal velocities ; and that 
the moon would do the same at the same distance. Thus we 
have another point of resemblance between solar and terres** 
trial attraction ; that each pulls all bodies at the same dis- 
tance with equal velocities, and therefore with forces exactly 
proportioned to the masses of the bodies pulled. 

153. The observance of exactly the same laws in the mo- 
tions of the satellites of the great planets, shows that a force of 
the same kind is exerted towards their centres. Moreover, 
at equal distances, the largest body attracts with most force 
in every case ; for the deflection towards Jupiter is 340 
times, — towards Saturn 101 times, — ^and towards the Sun 
354,936 times — ^greater than that towards the Earth at an 
equal distance, and in equal times. That these numbers are 
only tn the order of (hut not proportional to) the sizes of the 
respective bodies, need not surprise us, for it simply indicates 
a difference of density, by no means greater than that exist -•. 
ing between some of the commonest substances around us,, 
such as marble and wood, 

154. So far we find nothing to contradict the idea that 
this force of attraction is a peculiar virtue inherent in certain 
points, viz. the centres of these great bodies. But Newton's 
generalization went a great deal further than this. Having 
first proved that all these effects would be exactly the same, 
on the supposition of a similar force exerted by each particle 
of matter composing them ; he then showed that there were 
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eertain other phenomena not explicable on the former sup« 
position, for though a sphere composed of attractive particle* 
will produce on every other body exactly the same effects as 
if its attraction resided in its centre alone, this is not the case 
with a spheroid or orange-like body, such as Jupiter j and 
accordingly there are certain variations observable in the 
motions of his satellites, which show that they are attracted 
not merely by his centre, but by every part of his mass.* 
Other inequalities in their motions also prove that they 
attract each other, and Jupiter himself, with forces exactly 
proportioned to their masses ; and similar reactions between 
all (even the smallest) bodies of the solar system, account (in 
exact measure) for all the minutest deviations from Kepler's 
laws \ so that at length (to place the crowning stone upon 
this wondrous edifice) we have in our own day seen the 
inverse problem of perturbation solved. By the comparison 
of certain deviations, not exactly explained by the action of 
the knonm bodies, theory has boldly referred them to the 
influence of a body previously unknown^ has pointed out its 
place in the trackless and infinite void : and when the telescope 
pointed to that assigned spot at once detected the feeble 

* The lunar inequalities prove the same thing with regard to th& 
matter of the earth. But a more satisfactory proof perhaps is derivecl 
from the fact that, notwithstanding the diminution of gravity in ascend- 
ing mountains, it diminishes also in descending mines, because the 
stratum of earth above us then opposes instead of assisting the attrac* 
tion of that below. This experiment was first tried by Professor 
Whewell, by swinging a pendulum at the bottom of Dalcoath mine. 
That all protuberances also share the attractive power, is shown by the 
deflection of the plumb-line near the foot of mountains, which was first 
observed by Bouguer and La Condamine at the foot of the Andes, and 
afterwards, with extreme precision, by Maskelyne, in 1774, at the 
mountain Schehallien, in Perthshire. The plumb-line deviated about 
6'' from the vertical direction. It waa ascertained from this experi« 
ment, and from a careful measurement of the mountain and examination 
of the density of its materials, that the mass of the terrestrial globe is 
about 4f times greater than that of a globe of water of the same dimeo* 
sions, a result confirmed by other totally independent methods. 

H 2 
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glimmering of the planet, we may consider that the accumu- 
lated ingenuity of man achieved its greatest triumph. 
. 1^5. It appears, then, that attraction or gravity is an 
universal property common to all matter, every particle in the 
universe* attracting every other particle ; but the attraction' 
between two bodies both of moderate size is too feeble to be 
observed, under common circumstances. The attraction of 
a ship for boats very near it, however, is well known ; aiid 
Cavendish distinctly observed, and even measured, that of 
leaden globes delicately suspended in an air-tight room, and 
viewed from a distance through a telescope. 
, 156. The force which we call the weight of any body, then, 
id the resultant of the forces with which it is attracted by all 
the otiiier bodies in the universe, all their forces being pro- 
portional to their masses divided by twice their distances. 
Such, at least, is a correct definition of the weight of any 
body at rest or in rectilinear motion ; but in the case of 
bodies describing curves, we have seen that some centripetal 
(or centreward) force is necessarily employed in deflecting 
them from the straight line which their inertia would other- 
wise cause them to describe. In a wheel or a pendulum 
this force is supplied by the cohesion of the spokes or the 
pendulum rod, but in a projectile or a planet it is supplied 
hy gravity. Now, in the case of all bodies resting on the 
earth's surface, a portion of their earthward gravity must be 
employed in thus deflecting them from a straight line into 
the circle which they describe by the earth's daily rotation ; 
and we must restrict the term weight to that portion of their 
gravity which is not so employed, for this is the only portion 
which causes them to fall or press downwards. If their 
gravity were only just sufllcient to deflect them (as is the 
case with a planet), they would have no downward pressure, 
that is, no weight. This is what actually occurs on the 

* It has been established bj the joint labours of the two Herschels, 
that the same force regulates the motions of the immeasurably distant. 
dovbU gtara. 
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outer edge of Saturn's ring, and is in aU probability neces- 
sarj to the very existence of that stupendous arch.* The 
same thing would occur on the earth's equator if her rotation 
were only 17 times more rapid than it is, for the deflection 
from a'straight line would then amount to 16 feet in 1 second, 
64 feet in 2 seconds^ &c., or would be as much as gravity 
could produce. At present, however, the deflection of a 
body at the equator during a second is only about | of an 
inch, so that a body deprived of weight would, in conse- 
quence of its inertia, pursue a straight line (or tangevU to 
the equator), which would in 1 second lift it | of an inch 
above the surface. Now this tendency^ which the inertia <^ 
bodies gives them, to recede from the centre of their motion, 
may be regarded as a force^ under the name of centrifugal 
force. The weight of a body, then, is the resultant of its 
gravity towards all the other bodies of the universe, com- 
pounded with its centrifugal force, 

157. When different bodies revolve round the same axis in 
equal times (as the different parts of a wheel or of the earth), 
their centrifugal forces are evidently proportional to their dis- 
tances from that axis. Hence, in receding from the equator, 

* Ab there is a limit to the cohesion and rigidity of all solids, how- 
ever hard, such YHfit masses as the planets could not (if at rest) deviate 
beyond a certain extent from the spherical figure, for their prominent 
parts could not support their own weight, but would sink and spread, 
as the Pyramids would do if composed of jelly, or the Andes if com«- 
posed of freestone ; and this limit to the height of mountains would be 
Uaa in a larger planet, so that perhaps no substance in a mass as large 
as the Sun could behave differently from a fluid. So also with arches ; 
as Chester bridge could not have been built of jelly, so there would 
be a limit to the span even of an arch of steeL What, then, must be 
the adamantine texture of an arch encircling a world I and not tUi»^ 
but the thousandfold greater world of Saturn ! We may conclude ihat 
this wondrous structure could not subsist by cohesion alone, unassisted 
by its centrifugal force. 

For a practical view of the subject of cohesion, and tables of its 
amount in different solids, see " Budiments of Civil Engineering," 
Part I. chap. iii. 
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our centrifugal force diminishes, because we approach nearer 
the earth's axis. But besides being diminished, it ceases to 
be directly opposed to gravity, because the latter acts towards 
the earth's centre, while the former acts from (and at right 
angles with) her axis. Thus in London it acts not directly 
upward, but upward and southwardly at an angle of 51|** from 
the vertical. (By the vertical we^here mean the earth's 
radius, and by up and down, to and from her centre.) The 
whole effect of centrifugal force in this latitude during a 
second would be about 0.415 of an inch, viz* 0.259 upward 
and 0.325 southward. Compounding this, then, with the effect 
of gravity, which is 193.403 inches* downward, we find that 
their combined effect, or that of weighty will be only 193.145 
inches downward, and 0.325 of an inch southward. A body, 
then, does not fall, nor a plumb-line hang, truly vertical (or 
towards the earth's centre), but deviates towards the south 
by about ^ of its length. Hence a surface which we call 
Jevel or horizontal^ as that of a liquid, is not equidistant at 
.all its points from the earth's centre, but may be said to 
liave a rise toward the south of 1 in 594 (as compared with 
^ spherical surface concentric with the earth). By extending 
the same argument to every part of the earth's surface, it 
will appear, that if it were covered with a fluid, that fluid's 
surface would be a spheroid 26 miles thicker across the 
equator than from pole to pole ; so that if the earth were a 
«olid sphere, water might be poured on till it stood 13 miles 
high at the equator, still leaving the poles dry. But as some 
land is exposed and some covered, in every latitude, we thus 
see that the earth has been designedly formed with a shape 
nearer this spheroid than the sphere, and with a view to her 

* This nnxnber is obtained thns exactly by means of pendulum obser- 
vatioDis ; for we have seen that as the time of one vibration : the time of 
falling half the pendulum's length :: the circumference of a circle : 
ito diameter (129). Whence it follows, that the height fSallen in one 
second is 3.1416 X 3.1416 x half the length of a seconds pendulum at 
the same place. 
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rotation with this paxticalar velocity.* The same applies to 
the other planets, the rapid rotation of Jupiter, for instance^ 
explaining his great deviation from the spherical figure. 

158. We need not multiply instances of the more familiar 
effects of centrifugal force,— the destructive violence with 
which grinding-stones have flown in pieces when too rapidly 
turned, or the useful application of the same force to regulate 
the supply of steam to an engine by the governor. Some beau- 
tiful illustrations, however, are afforded by the feats of horse- 
manship in the ring of an amphitheatre. It may not be 
generally known that the circular form is absolutely neces- 
sary to the success of these performances. It would pro- 
bably be impossible for the horseman even to stand on his 
saddle while the horse is moving in a straight line, still less 
to perform the elegant and surprising evolutions which we 
so much admire, because it would be impossible for the ridef 
so to alter the position of his body with each motion of the 
horse as to keep the centre of gravity of his body cpnstantly 
within the narrow base of his feet. *' If, however, instead 
of riding in a straight line, he rides in a curve^ a new force 
is lent to him to support his weight — acting, too, as if it acted 
at the same point where his weight may be supposed to act, 
viz. his centre of gravity ; this new force is his centrifugal 

* Thus we Bee, that on approaching the equator, not only must the 
centrifugal force Increase, because we are farther from the axis, but also 
the force of gravity must slightly diminish, because we are a little farther 
from the centre. For both reasons, therefore, weight must diminish ; 
and this will be detected by opposing a weight to some constant force 
(as the elasticity of a spring), or more exactly by the vibrations of the 
pendulum. The first observations for this purpose were made by Bichter 
in 1672, at Cayenne, where he found the seconds pendulum to be about 
-^ inch shorter than at Paris. The London seconds pendulum has been 
made the standard of our measures, as already noticed (note, p. 3). 
The pendulum observations, measurements of degreea ('' Introduction 
to Natural Philosophy/* p. 40), and lunar perturbations, though per- 
fectly independent, all concur in making the difference of the earth's 
greatest and least diameters = about ^ of either. 
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force. His centre of gravity has now no longer anj occa- 
sion to be brought over the base of his feet, another hori- 
zontal force joins in supporting it ; and, poised between the 
horizontal force and the resistance of his feet, its equilibrium 
is easily found* To the action of the cetntrifugal force, 
which would otherwise overthrow him outwards^ the horse- 
man slightly opposes the weight of his body by leaning 
inwards ; and does he find his inclination too great, he urges 
on his horse, and his centrifugal force, thus increased, raises 
him up again. By thus varying his velocity and the incli- 
nation of his body, the conditions of his equilibrium ar^ 
placed completely under his control, and he can perform a 
thousand evolutions that moving in a straight line he could 
not ; he can leap upon his horse, stand upon his head or his 
hands whilst he is performing his gyrations, or jump from 
his horse upon the ground, and, running to accompany its 
motion, vault again upon his saddle. The conditions of his 
stability, and even the force of his gravity, appear to be 
mastered. There is in fact given to him a third invisible 
power, by the act of his revolution, which is a certain modi- 
fication of the force of his onward motion ; this acts with 
him in all the evolutions he makes, and is the secret of all 
his feats." 
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Part UI.— HYDROSTATICS. 



The conditions of equilibrium in liquids, and the pres- 
sures exerted hj them, are considered in the science of 
Hydrostatics, the third of the four great divisions which 
form the subject of general mechanics. 

159. The properties of liquids are always modified by the 
action of two forces; viz. that of weight, or the attraction of 
gravitation, to which they, in c(Hnmon with matter of all 
kinds, are subject ; and, secondly, molecular attraction, which 
must act differently in liquids and solids, although we have 
no means of determining in what this difference consists. 
We can readily form an idea of the distinct action of each of 
these forces, for we can imagine a mass of water ceasing to 
be heavy without ceasing to be liquid ; such a mass would 
neither fall nor flow when turned out of the vessel containing 
it, and indeed it would not require for its equilibrium to be 
sustained by the ground, or even by a vessel ; and yet snch 
a mass of weightless fluid would display a number of remark* 
able properties, the most important of which wduld be 
equality of pressure in all directions ; that is to say, the liquid 
would transmit equally, and in all directions, any pressure 
exerted on its surface. For example, let abed ef^ fig. 73, 
be a vessel containing a liquid supposed to be without weight, 
and p a solid piston, which exactly covers its surface. If 
the piston is also without weight, it is clear that the liquid 
experiences no pressure, and that if a hole were made in the 

h3 
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Teasel no portion of the liquid would flow ont. Now, sup- 
pose that the piston be loaded with anj given weight, say 
100 pounds, it will of course tend to sink down into the 
liquid, and it would do so unless the liquid itself opposed 
such a tendency. Whether the liquid be compressible or not, 
the result ia the same, for the liquid must either become 
annihilated, or it must bear up the wdght of 100 lbs. If we 
divide the liquid into any number of layers, the uppermost 
layer, which is in contact with the piston, and sustains it, 
also EUBtaina the whole of the weight, and would of course 
descend unless supported by the layer immediately beoeath, 
which receives from the one above it as much presBure- as 
that one receives from the piston. So also the second layer 
jflg_ 78_ presses upon the third, and in 

this way we may go on until 
we arrive at the bottom of the 
Teasel, which we shall find has 
to sustain the pressure of the 
100 lbs. exactly ns if the weight 
and piston were placed there 
instead of being transmitted by 
the liquid. Now, as this pres- 
sure of 100 lbs. is borne by the 
whole of the base of theveasel, 
it is evident that one-half of the base sustains only 50 lbs., 
and that one-hundredth part of the base sustains only 1 lb. 
We see, then, from this illustration, 1st; That the pressure is 
transmitted by hoiizontal surfaces from the top to the bottoin 
of the veaael without any loss of effect ; 2nd. That the pres- 
sure is equal at each point ; Srd. That it is proportional to 
the extent of the surface under consideration. 

160. So far we find no difference between a liquid and a 
Bolid, but the peculiar characteristic of liquids is, that the same 
effects are produced on the sides of the vessel os on the base. 
If a lateral opening be made in any direction, as at a b, the 
liquid will spirt out ; and if the opening thus made be of the 
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same size as the piston p, it will require a force equal to 
100 lbs. to prevent the water from spirting out ; if this side 
opening be only one-hundredth of the area of the piston, the 
water maj be kept back with the force of 1 lb. If a hole be 
made in the piston, the liquid will spirt upwards, proving 

* 

that the piston abo sustains a pressure similar to that on the 
base and sides of the vessel. Indeed this necessarily arises 
from the principle of action and reaction. It will be seen 
that liquids transmit equally, and in all directions, the pres- 
sures exerted on any part of them, so that every surface 
which they touch receives (and must return) a pressure pro- 
portioned to its area. Thus, if the area of the piston p be, as 
we have supposed, 100 times that of the piston 77, it will re- 
quire a pressure of 100 lbs* on p to balance 1 lb. on p. Thus 
we have another simple machine, like those commonly callqfl 
mechanical powers, and described in Statics (TV.) And this 
hydrostatic power, no less than the others, depends on the prin- 
ciple of virtual velocities; for it is evident that if the piston p 
be pushed in through any given distance, the 100 timei^ 
larger piston p will be thrust out only ^L of that distance, so 
that whatever may be the gain of power, it is bought by an 
equivalent loss of motion. Used as a press (Bramah's press) 
this machine has some great advantages over the wedge or 
the screw, as its mechanical efficacy can evidently be increased 
to almost any extent without any proportionate increase of 
friction or complication of parts. 

161. Now it must be evident that this property can be in no 
way altered by conferring weight on the liquids under con- 
sideration! except that additional forces arising from the 
mutual weight and pressure of the particles have to be taken 
into account. Whence it follows, that in order for a liquid to 
be in equilibrium^ first, every point of its surface must be 
perpendicular or normal to the force which acts upon it ; 
and, secondly, each individual particle of the liquid must 
experience equal pressures in all directions. 

162. With respect to the first condition of equilibrium, let 
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US suppose the sur&ce is not perpendicular to the force which 

acts upon the liquid particles ; that this surface follows the 

PI ^^ direction acde, fig. 74, while the force acts 

ir y ^ in the direction of the vertical lines vy. 

--i 1— I In such case a horizontal layer hd must 

.^j™4^J Yi% pressed by the weight of all the particles 
I 1 I Til ^^^^ ^^ > ^<^ ^^3 pressure being, as we 
||i' V v\ ^A^G seen, transmitted laterally, the mole- 
■iM^^f cule dy for example, would be thrust out by 

this lateral pressure, ^nce there is no conn- 
terbalancing pressure on the opposite side ; it is thrust aside^ 
and another particle occupies its place, which, in its turn, 
is also thrust aside, until at length the particles forming the 
the curve acd have fallen into the depression rf«, and the 
whole surface is become horizontal. The same process would 
take place with any other portion of the liquid above the 
horizontal surface, and there can be no equilibrium until 
there are no more particles to descend ; when such is the 
case, they are all ranged in a plane normal to the force.* 

* From this law arises not only the generally level or horizontal sur- 
face of liquids at rest, bat also all the deviations from such a level, 
(thus the sarfiEtce of water commonly rises with a concave slope where it 
meets the side of the vessel, because the particles very near the solid are 
attracted by i< as well as by the earth ; and the resultant of the two 
attractions is therefore not vertical, but more and more inclined in 
approaching the solid wall ; and the liquid surface is eveiywhere at right 
angles with this resultant. If, however, the solid be Um Oian half as 
dense as the liquid, the extreme particles will be more attracted by the 
liquid on one side than by the solid on the other, so that the resultant 
will incline the contrary way, and the surface will be depruaed instead 
of raised^ and convex instead of co^icave, as happens with mercury lestr- 
ing against glass, or water against a dxy cork; but if the cork be pre- 
viously wetted, the liquid film adhering to it will have the same effect 
as a denser solid. Many other curious effects of this kind are classed 
under the term capillarity. (See " Introduction to Natural Philosophy," 
p. 89.) Widely contrasted in scale, but similar in pxaneiple to these, 
are the effects mentioned in our last chapter. The general surface of 
the ocean, acted on at once by two forces (gravity towards the earth's 
centre, and centrifugal force from her axis), must, at every point, be 
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163. From the principle of equal pressures, as well as from 
the first condition of equilibrium in liquids, many important 
consequences are obtained. For example, the pressure of 
water and other liquids upon a given surface, is in proportion 
jointly to the magftitude of that surface and to the mean 
height of the liquid above that surface.* This truth is 
readily understood in the case of a cylindrical vessel, such 
as No. 1, in fig. 

75, but it is not ^i«' 7^- 

80 evident in the 
vessels No. 2 and 
No. 3. All three 
vessels contain 
veryunequalquan* 
titles of water ; 
they differin every 
respect except be- 
ing of equal height and base ; and in each case the same 
amount of pressure is exerted on the base without any 
regard to the bulk of the water. Hence we may estimate 
the pressure of a fluid upon the base of the containing vessel 
1>y multiplying its height into the area of the base, and this 
product by the density of the fluid. In the vessel No. 2 it 
will be seen that the bottom bears only the column of fluid 
denoted by the dotted lines, and which is exactly equal to 
the whole fluid in No. 1. But however paradoxical it may 

peypendicolar to their resultant (i.e. to the direction of the plumb-line), 
and hence becomes a spheroid, flattened towards the poles. ^ also 
in the sides of a whirlpool the liquid surface is sloping, because the 
resultant of grayitj and centrifugal force ia sloping, as would be shown 
by a plumb-line in a vessel carried round the whirL The moon's attrac- 
tion, too, combines with that of the earth to produce a resultant which 
is not always vertical ; and thus the mobile sur&ce of the ocean, con- 
stantly seeking an equilibrium which it cannot find on account of the 
moon's motion, is alternately raised and depressed, and produces the 
periodical oscillations of the tides. 
• That is, its height aboye the centre of gravity of the surfiwe. 
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appear, it is no leas trne, that the haae of No. 3 bearB a pres- 
sure exactly equal to this same weight of fluid, although the 
whole vessel does not contun so much, 

164. Some curious results may be obtuned by the opera* 
tion of this law. Let a vessel A, fig. 76, 
^' ' ' full of water, have a slender tube B screwed into 
it ; on filling the tube with water to a certain 
height the vessel will immediately burst : and the 
height of the fluid necessary to efiect this resolt 
will be exactly the same, however large, or how- 
ever small, the tube may be ; so that the weight 
of a single ounce of water, if piled high enough, 
may burst the strongest vessel. Suppose the 
bore of the tube to be one-twentieth of an inch, 
then, whatever pressure is transmitted through it, 
an equal pressure will he borne by every space 
one-twentieth of an inch in diameter throughout 
the interior of A. Kow a square inch contains 
about 530 such spaces ; so that an ounce of water 
poured into such a tube would exert a pressure of 
530 ounces, or 33 pounds, on every square inch 
of A ; a force which few vessels, except steam- 
boilers, are made capable of resisting. 

165. Thus the whole interior surface of a vessel 

is subject to an enormous pressure in consequence 

of the manner in which liquid pressure is trans* 

mitted. And not only the interior surface, but 

the liquid particles also in every part of the 

vessel, are subject to corresponding pressures. 

In the interior of the liquid mass contained in 

the vessel shown in fig. 77, let us imagine a 

layer tl parallel to the surtace s 8. All the particles of this 

layer are evidently pressed by the mass of liquid above 

them i they are, as it were, under the pressure of a liquid 

cylinder bs IL But .it is important to observe that this 

preMure from above, downwards, is, by the principle of 
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BcUon and reaction, exactly equal to that _^ 

&om below, upwards; and the separate 

molecules of this layer H are held in 

equilibrium hy these eqaal and opposite 

pressures. Now, in limiting our attention 

to a portion only of this layer, a b, it will 

be seen that the surface ab is at once 

pressed from above, downwards, by the 

liquid column c d b a, and from below, 

upwards, by a precisely equal force ; so that if a solid were 

plunged into the water whose base exactly occupied a b, 

this pressure would act upon the solid from below, upwards, 

tending to drive it out of the liquid. 

166. This will be cleat from the followinj; experiment : — 
A tolerably large glass tube t, fig, 78, ground flat at its lower 
extremity, is closed by means of a glass plate or valve v v, 
from the centre of which proceeds a striug 
up to the top of the tube. If the surfaces 
be tolerably smooth, the valve will close the 
tube water-tight on pulling the string. On 
lowering the tube thus closed into the ves- 
sel of water a b C d, the thread can be let 
go, because the valve will be upheld by the 
upward pressure of the water ; and that 
thii> pressure is equal to that which it 
would sustain at that depth from a column 
of water acting from the surface, down- 
wards, is proved by pouring water into the tube. As 
eooD as the interior level approaches the exterior a a, 
the glass valve is pressed from above as much as it was 
before pressed from below, and it then falls to the bottom of 
the vessel by its own weight* 

• Or Tslher by the difference between its TeigU and that of an equal 
bnlk of wat«T, Tot it cannot descend withoat raising sach a qaantity of 
water, jnst as the heavj arm of a balance cannot descend without ait- 
iag the lighter arm. 
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167. The pressure, then, upon a given surface, is the same, 
whether it face upwards or downwards ; and may also be 
proved to be the same in whatever direction it be turned, 
provided its centre of gravity remain at the same depth below 
the liquid surface ; for this pressure is equal to the weight 
of a column of liquid whose base is the given surface^ and 
whose length equals the depth of its centre of gravity. 

168. In water, the pressure on any surface at the depth of 

1 foot is equal to nearly half a pound on the square inch. At 

2 feet deep it is about 1 lb. At 3 feet ss 1^ lb. At 4 feet = 
2 lbs. At 5 feet = 2| lbs. In a cubical vessel full of a liquid, 
the pressure on any one side is equal one-half the pressure 
on the base ; for the bottom sustains a pressure equal to the 
whole weight of the fluid, and the pressure sustained by each 
side is equal to the weight of a mass as long and broad as 
that surface, and as deep as its centre, and, consequently, 
equal to half the contents of the vessel. Hence we get the 
remarkable result that, in a cubical vessel, a liquid produces 
a total amount of pressure 3 times as great as its own weight ; 
for if this equal I, and the pressure upon each of the 4 sides be 
equal to half that upon the base, 4x^ = 2 and 2 -{- 1 ^ 3. 

169. In a liquid mass such as we hav-e been considering, 
there is a point called the centre of jrressure^ where all these 
pressures are equally balanced. This point is always lower 
than the centre of gravity. In a vessel whose sides are 
parallelograms^ the centre of pressure is at the distance of 
one-third from the base. In a wedge-shaped vessel resting 
en its base, the centre of pressure is at one-fourth of the ver* 
tical, reckoning from the base ; but if such a vessM stand on 
its apex, the centre of pressure then bisects the vertical. 

• 170. When a number of vessels communicate with each 
other, whatever be their form or size, the same conditions of 
equilibrium apply to the fluid contained in them as to a single 
vessel. In the flrst place, the surfaces of the fluid in the 
vessels are all leoel; and, secondly, they are all at the sarae 
level, provided the same fluid be used. Thus, on filling the 
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large vessel jl with water, or 

mercury, or any other fluid, it 

will exert a pressure on the 

side tube, near the bottom,, equal 

to the area of the tube X by the 

height, X by the density of the 

fluid ; and, on opening the 9top« 

cock c, this pressure will cause 

the fluid to ascend into the small 

vessel B until it attains the same 

level as in a, when equilibrium 

will be establi^ed, because the water in a, as well as the 

water in b, presses upon the same space at c^ and both are 

of the same height* 

171. After what has been said, it is scarcely possible for the 
reader to ask a not uncommon question : ^^ If water pressed 
equally in all directions, why does not the large ittass.in a 
cause, the small mass in. B .to ovei^ow ?* A koaa who^was 
seeking a solution of the absurd me- 
chanical' problem of perpetual motion, 
once asked himself this very question, 
and constructed a vessel of the form shown 
in fig. 80, supposing that the large mass 
of water in the vessel would force the 
water along the narrow tube and raise it 
to its extremity, where it would flow 
back into the larger division perpetually. 
He was, however, greatly surprised 
to see the fluid in both divisions settle at the 
level. 

172. If fluids of diflerent densities, such as water and mer- 
cury, be made to communicate, the height to which they will 
rise in the limbs of a vessel such as ab, fig. 81, will be re-*' 
spectively in the inverse ratio of their densities. If the bend 
be first filled with mercury, and water be then poured inta a, 
a column of that fiuid, 13.6 inches high, will be necessary 




same 
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Fig. SI. to balance I inch of mercury in b, mercury 
being 13u times denser than water. It matters 
not haw unequal in bore may be the two 
branches of the tube: if the experiment be re- 
peated in such an apparatus as fig. 79, the result 
will be the same, whether the mercury be in 
A or in B ; the whole height of water will 
slwaj'B be 13.6 times that of the higher mercu- 
rial level above the lower. This affords an easy 
illustration of the principle of the barometer, 
for which see "Rudimentary Pneumatics." 

173. The dentitiet or tpecific gravittet of dif- 
ferent bodies are usually compared with water 
as a standard on what is sometimes called the principle of 
Archimedes, namely, that when a solid is immersed in a fluid, 
it displaces a quantity of the fluid exactly equal to its own 
bulk. If the quantity of fluid thus displaced be lighter 
than the atdid, the solid will sink in the fluid ; if it be of thfl 
same weight, it will rest indifferently in any part of the fluid; 
if heavier, it will float in such a manner as to displace only 
as much fluid as may equal its own veigkt. But confining 
our attention to the flrst case (of a body that sinks), the body 
thus immersed in the fluid apparently loses a portion of its 
weight exactly equal to that of the 'fluid displaced, as the 
following experiment will prove. A solid cylinder of copper 
8, fig. 82, exactly fitting into a hollow cylinder c of the 
same material, ore both suspended from an arm of a balance, 
and brou^t into equilibrium by wdghts in the opposite 
Hcale-paa f. The solid cylinder is aliened to dip into an 
empty glass. On filliug up this glass with water, so as com- 
pletely to immerse the solid cylinder, the scale-pan f will 
sink down in consequence of the apparent loss of weight in 
the cylinder 8. Now, on filling up the hollow cylinder o 
with water, the balance is restored. The fl uid support which 
is given to s is represented by the weight of the water in c 
required to restore the equilibrium of the balance ; and as & 
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Fig. 82. 




exactly fits into c, the bulk 
of water poured into c must 
be exactly equal to that 
displaced by s. And this 
would be true, whatever 
might be the material of s, 
whether gold or cork. If it . 
were cork, it would appear 
to lose more than its whole 
weight, or to acquire, when 
immersed, a levity or up- 
ward tendency, which, how- 
evevy is still found to be 
neutralized, and its exact 
weight restored, by filling 
c. It is scarcely necessary 
to observe, that all apparent ... 

instances of a tendency the reverse of gravity, ad in smoke^ 
balloons, &c. are only e£Eects of this kind depending on the 
pressure of the surrounding fluid, which must be denser 
than the rising body. 

174. In ascertaining the specific gravity or density of a 
solid denser than water, it is first weighed in air and then in 
water. . By subtracting the weight of the substance in water 
from its weight in air, and dividing the latter by the differ* 
ence, the product will be the specific gravity required. For 
example, a piece of gold weighs in air 77 grains, and in water 
73 grains; then 77 — 73 = 4 ; and ? = 19^. The propor- 
tion, therefore, of the weights of equal bulks of the metal and 
the water, is 77 to 4, or l9^ to 1. So that gold is 19^ times 
heavier than its own bulk of water; and this number is 
called the specific gravity or density of gold. It is obviously 
unimportant how much or how little be taken, — the specific 
gravity will be the same. It is equally unimportant whether 
the standard of comparison be taken as 1 or 1000. It is 
usual, however, to write the value of the standard decimally, 
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thus — 1.000. When, therefore, we say that the specific 
gravity of gold is 19^, or 19.25, we mean that a quantity 
of water weighing 1 is exactly equal in bulk to a mass 
of gold weighing 19 J. The specific gravity of cork is only 
0.24 ; that is, the mass of water which any given bulk of 
cork displaces on being plunged into it, is rather more than 
4 times heavier than the cork. The specific gravities of 
liquids are taken by means of a bottle capable of holding 
exactly 1000 grains of water at a given temperature (such as 
60" Fahr.) On filling this botUe with proof spirit, it will be 
found to contain only 837 grains ; so that .837 is the specific 
gravity of proof spirit. If the bottle be filled with sulphuric 
acid of commerce, it will weigh about 1845 grains ; and hence 
1.845 is said to be the specific gravity of this acid. In taking 
the specific gravity of gases and vapours, atmospheric air is 
the standard. 

175. When a body ^oa^ on a fluid, it displaces a quantity 
equal in weight to itself ; (when it sinkt^ it displaces a quantity 
equal in bulk*) Hence the conditions of equilibrium in float- 
ing bodies are two :— lst« That.the portion immersed : the 
whole bulk : : the density of the solid : that of the fiaid. 
fid. That the centre of gravity of the solid, and that of the 
fluid displaced, are in the same vertical line. The equili- 
brium, however, may be stable or unstable ; and if stable, the 
body will, on being disturbed, return to its former position 
by a number of oscillations which are isochronous, like those 
of the pendulum ; and their times depend on the position of a 
point called the metacefitrey which has the properties of the 
point of nupension in pendulums. When the metacentre 
is lorver than the centre of gravity of the whole body, the 
equilibrium is umtable: otherwise it is stable. 
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176. The principles which regulate the motions of fluids are 
considered in the fourth division of Mechanics, caUed Hydro- 
dynamics^ or Hydraulics, This subject is one of great com** 
plexitj, on account of the facility with which a fluid mass is 
set in motion by the disturbance of a few only of its particles ; 
and the resulting motions are modified, either in their velocity 
or in their direction, by so many causes, that it is difficult to 
anticipate or explain the various phenomena which arise.. 
There are, however, in this science certain fundamental laws 
which go fi^ to generalize the phenomena. 

177. The sides of a vessel containing a fluid are subject to. 
two opposite forces — one arising from the hydrostatic pressure 
of the fluid, tending to burst the vessel outwards; the other, the 
atmospheric pressure, or that of any other medium surrounds 
ing the vessel, tending to burst the vessel itawards. K an 
opening be made in the side or base of the vessel, the liquid 
will flow out, provided the interior pressure be greater than 
the exterior. In the common trick of covering a glass quite 
full of water with a piece of paper, and inverting the glass 
without spilling the water, the atmospheric pressure is 
greater than that of the water, and would continue to be so 
if the glass were 32 feet in depth. If the mouth of the 
glass be small, as in a narrow-necked phial, no paper need 
be used, for, on inverting it, the pressure of the air on the 
mobile but narrow surface of the fluid will prevent it from 
flowing out without dividing, which its cohesion prevents it 
from doing. If the neck be enlarged, the air, being so much 
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lighter than the water, will force a passage up through it, 
and break up the liquid column. But if an opening be 
made in the top of the vessel, the liquid will flow smoothljr, 
as if no air were present ; for the atmospheric pressure, toge- 
ther with that of the fluid within^ is opposed to the atmo- 
spheric pressure alone without ; and the motion is produced 
by the difference of these pressures, viz. that of the liquid 
alone. 

178. In theexamples which we are about to consider of liquids 
escaping from an orifice, the flow will result from excess of 
pressure, and not from the breaking up of the liquid column. 
But, in order that results may be comparable, it is necessary 
that the surface of the liquid in the containing vessel be 
maintained at the same height by some contrivance which 
shall add to the vessel the same amount of liquid as flows 
from it. In such case, neglecting all mechanical obstacles 
arising from friction and other causes, the flow of liquids 
from orifices in vessels obeys the force of gravitation, and 
their motion becomes accelerated, according to the law 
already noticed for falling bodies (p. 111). The expression of 
this law, know as TorriceUCs theorem, is. That particles of 
fluid, on escaping from an orifice, possess the same velocity 
as if they had fallen freely in vacuo from a height equal to 
that of the fluid surface above the centre of the orifice. 

179. Now, as we have already seen (p. 108), that all bodies 
falling from the same height in vacuo, acquire the same 
Velocity ; the flow of liquids from an orifice does not depend 
upon their densities, but only on the depth of the orifice 
below the level of the fluid. Mercury and water, for exam- 
ple, flow vrith the same velocity when they escape by similar 
orifices at the same depth below their levels ; for although 
the pressure of the mercury is 13| times greater than that of 
the water, it has ld| times as much matter to move. 

180. We have seen (p,113) that the velocities acquired by 
falling bodies are as the square roots of the heights ; that in 
order to produce a twofold velocity, a fourfold height is neoes- 
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sary, &c. ; so also in the escape of liquids from an orifice, tho 
velocities are as the square roots of the depths of the orifices 
below the surface of the fluid ; so that, if we wish to double 
the velocity of discharge from the same orifice, a fourfold 
depth is required ; to obtain a threefold velocity, a ninefold 
pressure is necessary, and so on.* 

181. When a vessel with vertical sides is allowed to empty 
itself by an orifice in the bottom, the quantities flowing out 
in successive equal intervals are as a diminishing series of 
odd numbers, (as 9, 7, 5, 3, 1,) or as the spaces described in 
equal intervals by a falling body, taken backwards, 

182. In such cases there forms, after a certain time, a hollow 
depression on the surface immediately over the orifice ; this 
increases until it becomes a cone or funnel, the centre or 
lowest point of which is in the orifice, and the liquid flows 
in lines directed towards this centre. "f Of course, the issuing 
stream or vein is vertical if the orifice is at the bottom of tho^ 
vessel, or it describes a parabolic curve if the orifice is at 
the side. In either case it moulds itself, as it were, to th& 
form of the orifice, and extends to a considerable distance 
before it scatters and divides into drops. Between the moutU 
of the orifice and the point where it begins to divide, the 
liquid vein has a permanent form, and a polished surface ; and 
notwithstanding the rapid motion of the liquid particles 
which succeed each other incessantly, the jet has the appear-^ 
ance of a perfectly . motionless rod of glass. At the com- 
mencement of its course, the vein is of the same diameter aa^ 
the orifice, but for a short distance its diameter grows less, 
forming what is called the vena contracta, or contracted 

* Because (in an eqaal time) ^rice as much matter has to be moved 
ynih thrice as much velocity. 

f In this state of the liquid a rotary motion is very easily imparted 
to it by the smallest impulse, and rapidly increases, because all the par- 
ticles are approaching the centre ; and by virtue of their inertia they tend 
to maintain the same velocity which they had in a larger circle, so that 
their angular velocity (or the numbier of revolutions in a given time) is 
constantly increased. 
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Fig 88. 




vein of fluid, (fig. 83). Tlie reason for this 
contraction appears to be, that as the liquid 
particles approach the orifice, thej con- 
verge to a point beyond it, so that the 
liquid column in escaping must necessarily 
be narrow^er or more contracted at the 
point towards which the motion of the 
liquid converges, than it is either before 
it arrives at that point, or after it has 
passed it. The greatest contraction of this 
fluid vein is at a distance from the orifice 
equal to half its diameter ; the diameter of 
the contracted portion being to that of the orifice as 5 : 7. 
Hence the real discharge of fluid is only ^ or about half of 
the theoretic discharge, or that which would take place if the 
^hole orifice transmitted fluid with the velocity of a body 
that had fallen from the surface. 

183. The division of the vein at a certain distance from the 
orifice is not produced only by the presence of the air, it 
takes place in vacuo, and is the result of the acceleration due 
to gravity. The effect of this acceleration is best seen in a 
stream of treacle, which tapers downwards, because the flow 
(or quantity passing in a given time) must be equal at all 
points of the stream, so that wherever the velocity is greater 
than at another point, the size (or sectional area) of the 
stream must be diminished in the same proportion. In 
water, however, the cohesion is not of such a kind as to 
admit of this tapering ; but each portion, when it has ac- 
quired a certain velocity, tears itself away from the stream, 
(forming a drop,) and leaving the stream, which has been 
forcibly elongated, to contract again, till another drop is 
detached. Thus each drop is subject during its fall to cer- 
tain periodic vibrations, by which it alternately elongates 
and contracts. A series of pulsations, also, occurs at the 
orifice, the number of which is in the direct ratio of the 
rapidity of the current, and in the inverse ratio of the dia* 
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meter of the orifice ; they are often sufficiently rapid to 
produce a distinct musical sound. If a note in unison with 
this be played on a musical instrument at such a distance as to 
be scarcely audible, the aerial pulses thus produced have a 
marked effect on the vein in shortening the limpid part. 

184. Vnien a tube is added to the orifice, the flow is accele^ 
rated if air be present, for the reason explained in " Rudimen- 
tary Pneumatics," p. 32 ; but, in vacuo, no such acceleration 
takes place. The most remarkable and useful result, however, 
of the experiments on the flow of water throi^h pipes, is the 
discovery that it may be accelerated by merely giving par- 
ticular forms to the commencement and termination of the 
pipe, without altering its general capacity. A 4<-inch pipe 
(of any length) may be made to deliver considerably more 
water, if its first 3 inches and last yard be enlarged coni-* 
cally, then if they were cylindrical like the rest of the pipe. 

185. One of the most intricate subjects to which the laws of 
motion have yet been applied deductively, is that of liquid 
waves. When any portion of a liquid surface is raised above 
or depressed below the rest, we have already seen (162) 
that it will return to the general level, but in so doing 
it acquires a velocity which necessarily carries it beyond 
the position of equilibrium, and thus produces a series 
of oscillations, which are communicated in every direction 
over the liquid surface, each portion receiving its motion from 
that preceding it, and therefore arriving at each phase of its 
oscillation a little later than the preceding portion ; whence 
arises the appearance of a form travelling along the surface, 
which form we call a wave. Each wave contains, at any 
one moment, particles in all possible stages of their oscil- 
lation, some rising, some falling, some at the top of their 
range, some at the bottom; and the distance from any 
row of particles to the next row that are in precisely the 
same stage of their oscillation, is called the breadth of a wave. 
Now as these oscillations are caused by the force of gravity, 
we may expect some analogy between their laws and those of 
the pendulum, and accordingly, when the depth of thQ 

Mechanics. I 
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liquid is disregarded, or considered as unlimited, the wave- 
breadth, (like ibe pendolum-length,) varies as the square of 
ike time of oscillation ; so that the time which elapses between 
the arriral of llie crests of two successiTe waves at a fixed 
point, is as the square-root of the distance between them, or 
the distance which either of them travels over in the said 
time ; hence it is easy to see that their velocity varies as 
the sqnaDe*root of their breadth. For instance, if a certain 
buoj be observed to rise and fall twice as often bb another, 
the waves which pass it must be four times as broad as those 
which pass the other, but as they travel over this quadntple 
distance in only double the time, they must evidently move 
with a double velocity.* When the water, however, is so 
shallow that the waves are affected by the form of the bottoin, 
the simplicity of these results gives place to an extreme 
d^ree of complexity. The use of these investigations lies 
in tiieir application to the tideSy which may be regarded as 
waves of moderate height, but enormous breadth and velo- 
city, the time of oscillation being half a lunar day, and the 
velocity sometimes 1000 miles an hour. 

186. To Hydrodynamics belongs, also, the theory of sncli 
machines far raising water as do not depend on atmoepberic 
pressure. Such are the water^screw, invented by Archi- 
medes, the endless chain of buckets, the hydraulic belt,f &c ; 

* The Telocity of wayes that run in the same or the opposite direction 
with a ship, may be ascertained by means of the log, or any other float- 
ing body, attached to a known length of cord. By noticing the time 
that elapses hetmen the lifting of this body, and that of the ship's stem, 
by the same wave^ and adding or subtracting the way made by the ship 
during that interval, we find the time which the wave takes to travel the 
length of the cord. In this way it has been found, tliat in the open 
ocean, some waves travel at the rate of 80 miles an hour; the breadth of 
Buch waves is sometimes a quarter of a mile. The utmost difference of 
level is found by measuring how high above the ship's water-line an eye 
must be nused to have an uninterrupted view of the horizon. No 
authentic observations of this kind give more than 25 feet, even in the 
greatest storms. 

t This machine, the use of which has been revived within a few years, 
la one of tiie most efficient of water elevators, yet the most inexplicable 
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but perliapsthe most ingenions of tbeae is the fvater-ram^ bj 
whicb a stream of water descending a small deptb is made 
alternately to open and dose a valve, at each shutting of 
which, a portion of the water is driven up another tube, to a 
level considerably higher than that from which it originally 
descended, and is then retained there by a valve. 

187. To this science also belongs the application of the power 
of streams and waterfalls to useful purposes. There are five 
chief means of effecting this, viz. by the undershot wheel, the 
overshot wheel, ttie breast wheel, the horizontal water-wheel, 
and Barhev^s mill The first two are too well known to 
require a description, but we may observe, that the overshot 
wheel is always the most advantageous where the height of 
the fall is sufficient to admit of its use. The smallest rill 
may be applied in this manner, but the undershot wheel 
requires a considerable body of water. The breast wheel 
unites, in some measure, the advantages of both, and is appli^ 
eable to falls of a medium height, as it requires only a fall 
equal to its radius^ and not to its diameter^ as is the case 
with the overshot wheel This wheel is formed with plain 
floats like the undershot wheel, but the water enters at the 
level of its axle, and descends round one. quadrant of its 
circumference, which is enclosed for this purpose in a sort of 
box of masonry. The horizontal water-wheel is used in 
some parts of France, and is the most applicable to a small 
fall, and a small quantity of water. Its floats are set diago- 
nally, and may receive the water at one or at several points 
of its circumference at once. Barker's mill acts on a diflerent 
principle from any of these, and has not yet been applied on 
a large scale, though experiments made on models have 

in its action. In its ancient form it consisted of a nnmber of hair-ropes, 
for whicb a band of flannel, or felt, is now substituted, passing over 
two rollers, one at the top, and the other at the bottom of the well. By 
means of the upper roller, it is set in veiy rapid motion, when the water 
adheres to its surface in a layer which is thicker the more rapidly it 
moves, and becomes nearly half an inch thick when the velocity is 
1000 feet per minute. It follows the band to any height, and is 
thrown off by centrifugal force, in turning over the upper roller. 
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shown it to be the least wasteful of all modes of applying the 
power of a waterfall. It consists of an upright tube, from 
the lower end of which proceed two horizontal branches^ 
closed at their ends, and giving the whole the form of an 
inverted jq* "^bis apparatus is movable on a vertical axis, 
and water is admitted at the top through a funnel ; of course, 
this will produce no motion, because the pressures against 
all parts of the interior balance each other : but suppose a 
hole to be made in one side of one of the horizontal arms, 
the water flows out, and the pressure on that surface which 
the hole occupies is removed. Hence the pressure on the 
opposite side of the tube is unbalanced, and causes it to 
recede in the direction contrary to that of the issuing stream. 
A similar hole in the other arm doubles the effect. 

188. In all water-wheels it is a constant rule that the greatest 
mechanical effect will be produced when the velocity of the 
parts driven is just half that of the stream driving them ; 
and this is a most important principle, applicable also to the 
sails of windmills, and ships, and the paddles of steamers. 
It is obvious that the pressure of the wind or water on any 
of these bodies diminishes as their velocity approaches that of 
the current, so that if it were possible for a water-wheel to 
revolve with exactly the velocity of the stream, there would 
be no pressure on its floats, and, consequently, no power to 
drive any other machinery. On the other hand, the pressure 
is at a maximum when the wheel is standing. still, but then 
having no velocity, it is also powerless. As the power then 
is proportional to the product of the pressure and velocity, 
it is greatest when they have each their mean value, that is, 
in the exact medium between these two states, — rest and 
motion with the current^ — in other words, it is greatest when 
the velocity is half\\\sX of the current. 

THE END. 
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